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Abstract. 

The lifting problem that we consider asks: given a smooth curve in 
characteristic p and a group of automorphisms, can we lift the curve, 
along with the automorphisms, to characteristic zero? One can reduce 
this to a local question (the so-called local lifting problem) involving 
continuous group actions on formal power series rings. In this expos- 
itory article, we overview much of the progress that has been made 
toward determining when the local lifting problem has a solution, and 
we give a taste of the work currently being undertaken. Of particular 
interest is the case when the group of automorphisms is cyclic. In this 
case the lifting problem is expected to be solvable — this is the Oort 
conjecture. 
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§1. Introduction 

Throughout this paper, p represents a prime number, k is an alge- 
braically closed field of characteristic p, and W(k) is the ring of Witt 
vectors of k, that is, the unique complete discrete valuation ring (DVR) 
in characteristic zero with uniformizer p whose residue field is k. If 
R/W(k) is a finite extension, then it will be assumed that R is a DVR 
(i.e., R is integral). We note that any such R has residue field k. 

1.1. What is the lifting problem? 

Many problems in mathematics involve starting with some kind of 
data in characteristic p, and trying to "lift" the data to characteristic 
zero (i.e., trying to find some analogous data in characteristic zero that 
reduce to the given data in characteristic p). This paper considers the 
problem where the data in question are a curve and a finite group of 
automorphisms. More precisely, we have the following: 

Question 1.1. [Lifting problem] Let Y be a smooth, proper curve 
over k. Let G be a finite group acting faithfully on Y by fc-automorphisms. 
Does there exist R/W(k) finite, and a flat relative curve Yr — > SpecR 
such that 



(2) There is an action of G on Yr by i?-automorphisms such that 
the restriction of this action to the special fiber is the original 
G-action on Y1 

If the answers to (1) and (2) are "yes," then we say that the G-action 
on Y (or the curve Y with G-action) lifts to characteristic zero (or lifts 
over R), and that Yr (with G-action) is a lift of Y (with G-action). 

One might ask: does every G-action on every fc-curve lift to char- 
acteristic zero? In fact, the answer is "no." It is well known (see, e.g., 
[Har77l IV, Ex. 2.5]) that the number of automorphisms of a curve of 
genus g > 2 in characteristic zero is at most 84(g— 1). But in character- 
istic p, a curve can have more automorphisms. Roquette |Roq70| gave 
the example of the smooth, projective model of the curve Y given by 
y 2 = x p — x. This curve has genus (p — l)/2 and 2p(p 2 — 1) automor- 
phisms, which exceeds 84(^ 1) for p > 5. So clearly the canonical 

Aut(Y) action on Y cannot lift to characteristic zero. 



(1) Y R x R k = Y 7 
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For another example, it is well known that the automorphism group 
of P^ is PGL 2 (L) for any field L. I£Y = F\, then the group G = {1/p) n 
(for any n) is a subgroup of PGL 2 (k), and thus acts faithfully on Y. If 
this G-action on Y lifts to characteristic zero, then G must act on P^ for 
some characteristic zero field K, that is, G C PGL2(K). But if n > 1 
and p n 7^ 4, then PGL 2 {K) does not contain (Z/p)™, so the G-action 
on Y cannot lift to characteristic zero. 

This of course leads one to ask: Can we find necessary and sufficient 
criteria for a G-action on Y to lift to characteristic zero? Over some 
particular R ? 

A group G for which any G-action on any curve lifts to characteristic 
zero is called an Oort group for k ([CGH08J). 

1.2. What is the local lifting problem? 

Maintain the notation of Question |1.1| I t turns out that there is a 



local-global principle for lifting (Theorem 3.1 ). To wit, if we can lift the 
germs of the curve Y at each of the points where G acts with inertia to 
characteristic zero, along with the action of the inertia groups, then we 
can lift the G-action on Y to characteristic zero. Clearly, the converse 
holds as well. So if we understand this local lifting problem, we can 
understand the lifting problem. More specifically, if I y C G is an inertia 
group at some y € Y, then I y acts on the complete local ring of y in Y, 
which is isomorphic to by continuous /c-automorphisms. If there 

is a lift Yr of Y with G-action to characteristic zero, then I y also acts 
on the complete local ring of y in Yr, which is isomorphic to R [[£/]]. 

In our description of the local lifting problem below, the letter G 
can be thought of as one of these inertia groups I y . The action of G on 
k[[u]] is called a local G-action. 

Question 1.2. [Local lifting problem] Let G be a finite group, and 
suppose we have an embedding t : G Autfc iCont (fc[[u]]). Does there 
exist R/W(k) finite, and an embedding Lr : G °-> Autfl, cont (i?[[[/]]), 
such that, if u is the reduction of U, then the action of G on 
reduces to that of G on 

If the answer is "y es ;" then we say that the local G-action lifts to 
characteristic zero (or lifts over R), and the G-action on -R[[t/]] is a lift 
of the G-action on fc[[u]]. For a reformulation in terms of Galois theory, 
see Question |4.1| 

Since the lifting problem does not always have a solution, neither 
does the local lifting problem. So we ask: Can we find necessary and 
sufficient criteria for a local G-action to lift to characteristic zero? Over 
some particular R? 
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A group G for which every local G-action on k[[u]] lifts to character- 
istic zero (and for which there exists a faithful local G-action) is called 
a local Oort group for k. 

1.3. Outline 

In <|2j we give some basic results on the lifting problem and relate 
it to algebraic fundamental groups of curves. In Sj3]we reduce the lifting 
problem to the local lifting problem, which we focus on for the rest of 
the paper. In [j4j we rephrase the local lifting problem in terms of Galois 
theory, and state some basic results on Galois extensions of k[[t]]. Of 
particular importance is Lemma |4.3| which gives the differents of some 
such extensions in terms of their higher ramification nitrations. We also 
state a weaker form of the local lifting problem, the birational local lift- 
ing problem, and sketch a proof that it can always be solved, unlike the 
(standard) local lifting problem. Lastly, we discuss the relationship be- 
tween solutions to the local lifting problem and solutions to its birational 
variant. 

The heart of the paper begins with Sj5| where we discuss obstructions 
to the existence of solutions to the local lifting problem. The most 
important of these obstructions is the KGB obstruction ( CGH09 ), for 
which we compute some examples in great detail. We also give some 
examples where the KGB obstruction vanishes and where local lifting 
either is possible or is thought to be possible. The remainder of the 
paper focuses on two interesting such examples. The case of lifting a 
cyclic local G-action from characteristic p to characteristic zero is the 
subject of fj(3j Such local actions are always expected to lift (this is the 



Oort conjecture, see Conjecture 5.4), and have been shown to lift when 



p 3 \ \G\ ([OSS89J and [GM98J). We give an overview of the existing 
work in §6.1 6.5 and in §6.6[ we outline a new approach of Wewers 



and the author to the conjecture. A success of this new approach has 
been to show that cyclic local G-actions lift to characteristic zero when 
p 4 \ |G| f[0\V1.1|). In Sj7j we look at the case where G = Z/p » Z/m 
is a nonabelian group. This case is well-understood due to the work of 
Bouw, Wewers, and Zapponi, and we give a summary of their work. We 
also remark on the obstacles to generalizing to the case where G has a 
larger p-Sylow subgroup. 

Appendix [X] gives background on the non-archimedean geometry 
used in the paper, but is by no means a comprehensive reference. The 
reader who has a basic familiarity with formal/rigid geometry should 
only need to refer to it for notational purposes, whereas the reader 
without such familiarity will need to read it to have a reasonable under- 
standing of much of Sj3j SjHJ and Sj7j Appendix|B]discusses the concepts of 



The (local) lifting problem for curves 



5 



depth and deformation data, which may be unfamiliar to most readers. 
However, looking at this appendix may be safely postponed until the 
paper explicitly references it. 

We note that the only other major exposition of the lifting and lo- 
cal lifting problems of which we are aware is Brewis's master's thesis 
([Brc05j. The aspects on which Bre05] focuses are fairly complemen- 
tary to those on which we focus here. In particular, |Bre05j gives many 
details on global techniques, the local-global principle, and the bira- 
tional local lifting problem, whereas we spend the majority of our time 
discussing specific examples of the local lifting problem. 

1.4. Notation and conventions 

If T is a group of automorphisms of a ring A, we write A T for the 
fixed ring under T. For a finite group G, a G-Galois extension (or G- 
extension) of rings is a finite extension A » B (also written B/A) of 
integrally closed integral domains such that the associated extension of 
fraction fields is G-Galois. We do not require B/A to be etale. 

If x is a scheme-theoretic point of a scheme A, then Ox ,x is the local 
ring of x in A. If R is any local ring, then R is the completion of R with 
respect to its maximal ideal. A branched cover f : Y — > X is a finite, 
generically etale morphism of geometrically connected, normal schemes. 
A G-Galois cover (or G-cover) is a branched cover with an isomorphism 
G = Aut(Y/A) such that G acts transitively on each geometric fiber of 
/. Note that G-covcrs of affine schemes give rise to G-extensions of 
rings, and vice versa. 

Suppose / : Y — > X is a branched cover, with X and Y locally 
noetherian. If x G X and y € Y are smooth codimension 1 points such 
that f(y) — x, then the ramification index of y is the ramification index 
of the extension of complete local rings Ox,x — > &Y,y If / is Galois, 
then the branching index of a smooth codimension 1 point x G X is the 
ramification index of any point y in the fiber of / over x. If x G X (resp. 
y G Y) has branching index (resp. ramification index) greater than 1, 
then it is called a branch point (resp. ramification point). 

If R is any ring with a non-archimedean absolute value | • | , then R{T} 
is the ring of power series YliLo c *-^ n suc ^ um i->oo \ c i\ =0. If R has 
characteristic zero and residue characteristic p (that is, if < \p\ < 1), 
then we normalize the valuation on R and on K = Frac(i?) so that p 
has valuation 1. 

If A is a smooth curve over a complete discrete valuation field K 
with valuation ring R, then a semistable model for A is a relative curve 
Xji —> Speci? with A# XrK = X and semistable special fiber (i.e., the 
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special fiber is reduced with only ordinary double points for singulari- 
ties). 

Suppose S is a ring of characteristic zero, with an ideal I such 
that S/I has characteristic p. If an indeterminate in S is given by a 
capital letter, our convention (which we will no longer state explicitly) 
will be to write its reduction in S/I using the respective lowercase let- 
ter. For example, if I C W(fc)[[i7]] is the ideal generated by p, then 
W(k) [[U]]/I = and u is the reduction of U . 

If B/A is a finite extension of Dedekind rings, the degree of the 
different of B/A is its length as a -B-module. If L/K is a finite extension 
of discrete valuation fields with valuation rings A C K and B C L, then 
the degree of the different of L/K is the degree of the different of B/A. 

The group D n is the dihedral group of order In. 



§2. Preliminary global results 

Before asking about lifting curves with automorphisms with char- 
acteristic zero, it makes sense to ensure that the curves themselves lift 
to characteristic zero, without worrying about automorphisms. Luckily, 
this is true: 

Proposition 2.1. The trivial group is an Oort group. Furthermore, 
the lifting of any curve with trivial action can be done over W(k). 

Proof. Since Y is a curve, the cohomology H 2 (Y,Ty) is trivial, 
where 7y is the tangent sheaf of Y. By [SGAl, III, Corollaire 6.10], 
there is a smooth formal relative curve y/W(k), whose special fiber is 
Y. Since, in addition, H 2 (Y,O y ) is trivial, [SGAli III, Prop. 7.2] shows 
that y is in fact the formal completion of an algebraic relative curve 
Y~w(k)/W(k) at the special fiber. Then Yw(k) is the lift we seek. □ 



As the next proposition shows, Proposition 2.1 allows us to shift 
our perspective from lifting curves to lifting branched covers. Let G act 
faithfully on Y, let X = Y/G, and let / : Y — > X be the canonical map. 
Suppose R/W(k) is finite. Then lifting the G-action on Y over R is the 
same as lifting the G-cover / to a G-cover /r : Yr — » Xr, where Yr and 



Xr are lifts of the curves Y and X over R (see \ 1.4 for the definition of 
G-cover) . 

Proposition 2.2. (i) If G acts on Y with trivial inertia groups, 
then the G-action on Y lifts over W(k). 
(ii) In fact, even if G acts on Y with prime-to-p inertia groups, then 
the G-action on Y lifts over W{k). In particular, any group of 
prime-to-p order is an Oort group. 
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Proof. In case (i), the G-cover / : Y — > Y/G = X is etale. By 
Proposition 



2.1 



we can lift X to a flat, smooth curve X W (u\. By 
Grothendieck's theory of etale lifting ( SGAl, I, Corollaire 8.4], com- 
bined with jSGAll III, Prop. 7.2]), the G-cover / lifts to a G-cover 
fw(k) '■ Y\v(k) ^w(k) over W(k). In case (ii), we instead use Grothendieck's 
theory of tame lifting ( [SGA1I XIII, Corollaire 2.12], or |Wew99j for an 
exposition). □ 



Remark 2.3. In £j6j we will see how Proposition 2.2 also follows 
from the local-global principle. 

Remark 2.4. In fact, if / : Y — > X is tamely ramified (as in the 



proof of Proposition 2.2 1, then the generic fiber of fw(k) 1S branched 
at the same number of points with the same branching indices as /. 
Furthermore, the lifting of / over W(k) (or over any finite R/W(k)) is 
unique once the branch points of the generic fiber are specified. 

This has the following consequence about fundamental groups of 
curves: Let U be an affine curve over k, let X be the smooth projective 
closure of U, let X w ^ be a lift of X to W(k), and let U\y(k) Q -^w(fc) 
be a lift of U to W(k) such that the generic fiber of Xw(k)\Uw(k) con- 
tains exactly one point specializing to each point of X\U . Let L be an 
algebraic closure of Frac(W(A;)) and let Ul and X L be the base changes 
of Uyyn.\ and Xyy/k) to L. If tt\(U) is the tame fundamental group of 
U (that is, the automorphism group of the pro-universal tame cover 
of X, etale above U), and 7r* (Ul) is the p-tame fundamental group of 
Ul (same definition, but replace "tame" with "ramified of prime-to-p 
index"), then there is a natural surjection 

0:7r£(tf L )->7rf(EO, 

given as follows: If 7 S 7rf ([/j,), then ^(7) is determined by how it acts 
on tame covers / : Y —> X, etale over U. Take the unique lift fw(k) 
of / over W(k) such that if fo L is the base change of fw(k) to the 
valuation ring Ol of L, the branch locus of the generic fiber of fo L is 
contained in Xl\Ul- Note that the special fiber of fa L is identical to 
that of fw(k)- By definition, 7 acts on the generic fiber of this base 
change of /, and the reduction of this action is the desired action on 
Y. It is also clear that 4> is surjective, as one can compatibly lift any 
compatible system of automorphisms of tame covers of X, etale over U. 
Since tt[(Ul) is well understood (as are all fundamental groups of curves 
over algebraically closed fields of characteristic zero) , the existence of <f> 
gives us useful information about ir\(U). For instance, we obtain that 
tt\(U) is topologically finitely generated. 
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Given that we can (essentially uniquely) lift tame covers of curves 
to characteristic zero, the next natural question is to ask when we can 
lift wild covers, and what kinds of moduli these lifts have. Hopefully, for 
affinc curves U/k, this can shed some light on larger quotients of tti(U) 
than tt\(U). In any case, this gives us motivation to study the lifting 
problem for a G-action on Y by examining the local properties of the 
G-cover / : Y — > Y/G near its ramification points. 



§3. Reduction to the local lifting problem 

The local-global principle below allows us to study the lifting prob- 
lem by way of the local lifting problem. 

Theorem 3.1 (Local-global principle). Let Y be a smooth, projec- 
tive, connected curve overk, with a faithful action ofG by k- automorphisms. 
Let yi,...,y s € Y be the points where G acts with nontrivial inertia. 
For each j , 1 < j < s, let Gj be the inertia group of yj in G, and let 



i 



j : Gj Autfe iCon t fc[[ttj]] be the induced local action on the complete 



local ring of yj. If R/W(k) is finite, then the curve Y (with G-action) 
lifts over R iff each of the local Gj -actions lifts over R. 

Sketch of proof . (see [SailOl §1.2], or |Gar96[ §3] for many more 
details) Clearly, if the G-action on Y lifts over R, then so do all the local 
actions. Now, assume each of the local actions lifts over R. Consider the 



G-cover / : Y — > X := Y/G. By Proposition 2.1 X has a smooth lift 
Xr over R. Let X be the formal completion of Xr at X . Let B be the 
branch locus of /, set V = X\B, and set W — f'^V) = Y\{y u . . . ,y s }. 



Let V C X be the formal subscheme associated to V C X (j |A.4 1. By 



Grothendieck's theory of etale lifting ( [SGA11 I, Corollaire 8.4]), the G- 
cover f\w ■ W — > V lifts to an etale G-cover of formal schemes W — > V 
over R. The boundary of VV is isomorphic to disjoint union U^ =1 Sj, 
where each Bj is isomorphic to the boundary of a disc ((A.l). Each Bj 
corresponds to the point yj, and Gj acts on Bj. 

By assumption, each local Gj-action on Oy iV - lifts over R to a con- 
tinuous i?-linear G^-action on the open disc Dj = Spf i?[[C/j]]. The 
action of Gj on T>j induces an action on its boundary dT>j. In fact, the 
Gj-action on &Dj is isomorphic to the action on Bj . Thus by identifying 
Bj and dVj , we can use formal patching to "glue" each of these discs Dj 
to W in a Gj-equi variant way. This yields a formal curve with G-action 
and projective special fiber (see, e.g., jSailOL §1.2], or |Hen991 Ch. 3, §4] 
for more details). By Grothendieck's Existence Theorem, this formal 
curve is the projective completion of a smooth projective curve Yr with 
G-action. This is the lift we seek. □ 
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Remark 3.2. Bertin and Mezard gave an alternate proof of The- 
orem 3.1 that relies on deformation theory (see [ BMOO] §3]). There is 



also a proof by Green and Matignon ([GM98 ( III]). 



Because we have Theorem 3.1 at our disposal, the rest of this paper 
will focus exclusively on the local lifting problem. For interesting work 
involving global lifting, see [Oor87| . [OSS89| and |CGH08|. Fo r an 
overview of some of the techniques used in |Oor87| and [QSS89J . see 
|Bre05] . especially Chapter 3. 



§4. Generalities on local extensions 
4.1. Power series rings 

Consider the power series ring A — fc[[u]]. A continuous fc-automorphism 
7 of A (for the u-adic topology) is determined by the image of u. In 
particular, it is necessary and sufficient to have 7(u) = a i u \ with 

ai 7^ 0. A first, naive approach to the local lifting problem would be to 
try to write down a group G of automorphisms of A explicitly as power 
series, and then try to lift them explicitly. However, this method is of 
limited usefulness. It quickly becomes difficult even to write down power 
series of finite order in let alone to write down a lift to 

where R/W(k) is finite. For order m prime to p, the series j(u) = C m it, 
with Q m a primitive mth root of unity, works. For order p, the series 
7(1/) = = u — u 2 + u 3 — ■ ■ ■ works. But it is already not easy to see 
how to lift this to an order p automorphism of i?[[J7]] (note that lifting 
the power series "f(u) to naively will not in general result in an 

automorphism of order p) . 

For automorphisms of order divisible by p 2 , the situation is even 
worse. In fact, the only explicit continuous fc-automorphism of k[[u]] of 
order p n known to the author, for n > 2, is an automorphism 7 of order 
4 given in [CSlOj by 

00 2 J -1 
j=0 1=0 

Trying to lift this automorphism while maintaining its order is a night- 
mare that we shall not attempt. 

In order to lift a G- action on [[«]], we must not only lift automor- 
phisms with the correct orders, but we must also take into account the 
group structure of G. Since even lifting the automorphisms with the 
correct orders seems to be beyond our reach, we will not pursue this 
method further. 



10 



Andrew Obus 



4.2. Galois extensions 

The more fruitful approach to the local lifting problem has been to 
view it from the perspective of Galois theory. This is analogous to study- 
ing the (global) lifting problem by studying branched covers of curves. 
Suppose the group G acts on k[[u]] by continuous fc-automorphisms. 
Then fc[[u]] G is a complete DVR with residue field k, so by the structure 
theorem for complete DVRs ([Scr79 ( II, Theorem 2]), it must be ab- 
stractly isomorphic to k[[t]]. Choosing an isomorphism gives fc[[w]]/fc[[i]] 
the structure of a G-extension. Conversely, if A/fc[[i]] is any G-Galois 
extension, then A = fc[[u]], again by the structure theorem. Like- 
wise, if R/W{k) is fini te, then R[[U]] G = R[[T]] if G acts by continu- 
ous i?-automorphisms (|Ray99 ( Proposition 2.3.1]), and any G-extension 
A R /R[[T]] for which Ar (g>R k = k[[u}} must satisfy A R = R[[U}]. We 
can now rephrase the local lifting problem as follows: 

Question 4.1. [Local lifting problem, Galois formulation] Suppose 
G is a finite group, and A/fc[[i]] is a G-Galois extension, for a finite group 
G. Does there exist R/W(k) finite, and a G-Galois extension Afl/i?[[T]] 
such that Aji <Ei R k = A and the G-action on Ar reduces to the given 
G-action on A? 

If such a lift exists, we say that A^/i?[[T]] is a lift of A/£;[[i]] over 
R, or that ^4//c[[t]] lifts to characteristic zero (or lifts over R). 

4.2.1. Properties of Galois extensions of complete DVRs. The fol- 
lowing facts are from |Ser79( IV]. Let F = k((t)). If L/F is a finite 
G-Galois extension of complete discrete valuation fields, then G must 
be of the form P x Z/m, where P is a p-group and m is prime to p. 
The group G has a filtration G — G ^> Gi (i e M>o) for the lower 
numbering, and C D G 1 for the upper numbering (i G R>o)- If i < j, 
then Gi D Gj and G 1 D GK The subgroup Gi (resp. G 1 ) is known as the 
ith higher ramification group for the lower numbering (resp. the upper 
numbering). The two nitrations are related by Herbrand's formula (see 
[SiPf9l IV, §1, §3]). 

One knows that G = G° = G, and that G\ = G» = P. For 
sufficiently large i, G; = G l — {id}. Any i such that G l 3 G l+e for 
all e > is called an upper jump of the extension L/F. Likewise, if 
Gj 3 Gj+ e for e > 0, then i is called a lower jump of L/F. If i is a lower 
(resp. upper) jump, i > 0, and e > is sufficiently small, then Gi/Gi+ C 
(resp. G l /G I+e ) is an elementary abelian p-group. The lower jumps are 
all integers. 

The above discussion applies equally to G-extensions of k[[i\). In 
particular, any group G that arises in the local lifting problem is of the 
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form P x: Z/m, where P is a p-group and p \ m. The degree 5 of the 
different of a G-extension j4/fc[[t]] is given by the formula 

oo 

(4.1) S = J2(\Gi\-l). 

i=0 

The fact that the different can be determined from the higher ramifi- 
cation filtration for the lower numbering (and, indeed, for the upper 
numbering also) will be important for determining whether a given ex- 



tension of R[[T]] for R/W(k) finite is, in fact, a lift (see U.3) 



Remark 4.2. Note that if is a wildly ramified G-extension, 

then the degree of the different of .A/fc[[t]] is always strictly greater than 
|G| — 1. By the Hurwitz formula, this means that if Y — > X is a wildly 
ramified cover of curves over k, then the genus of Y is always higher than 
it would be if the cover had the same ramification points and indices, 
but was in characteristic 0. 

4.2.2. Cyclic Extensions. If G = 1t/p n , then any G-extension must 
have n different upper jumps u\ < ■ ■ ■ < u n . 

Lemma 4.3. Set u n = 0. If L/K is a Z/p n -extension with upper 
jumps U\ < ■■■ < u n , then the degree of the different of L/K is 

n 



Proof. This follows from (4.1) and Herbrand's formula. □ 



4.3. Birational lifts and the different criterion 

Usually, when dealing with Galois extensions of it will be more 
convenient to deal with extensions of fraction fields than extensions of 
rings. For instance, by Artin-Schreier theory, one knows that any Z/p- 
extension L/k((t)) is given by an equation of the form y p — y = f(t). 
But writing down equations for the integral closure of k[[i\] in L is much 
more difficult. So we will often want to think of a Galois ring extension 
in terms of the associated extension of fraction fields. In particular, we 
have the following birational local lifting problem: 

Question 4.4. [Birational local lifting problem] Let ^4/fc[[i]] be 
a G-extension. Does there exist R/W(k) finite, and a G-extension 
M/Frac(i?[[T]]) such that: 

(1) If Ar is the integral closure of -R[[T]] in M, then the integral 
closure of Ar (E)r k is isomorphic to A, 
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(2) The G-action on Frac(A) = Fr&c(AR <S>r k) induced from that 
on A R restricts to the given G-action on A? 

If so, we say that lifts birationally to characteristic zero and 

that Afl/i?[[T]] is a birational lift of .A/fc[[t]] to characteristic zero. 

The birational local lifting problem evidently requires less than the 
local lifting problem to answer in the affirmative. In fact, Garuti has 
proved the following: 

Theorem 4.5 ([Gar96j). Any G- extension A/ k[[t]] lifts birationally 
to characteristic zero. 

Sketch of proof . li A/k[[i\] is a G-extension, then by (Kat8 6, The- 
orem 1.4.1], there is a G-cover / : Y —> X : = PjL such that / is totally 
ramified at a point y G Y, and tamely ramified away from y. The ex- 
tension of complete local rings associated to y H ► f(y) is isomorphic to 
A/k[[t}]. Write U = X\{f(y)} and V = Y\{y}. Let X be the formal 
completion of P^^) at its special fiber X, let U be the natural formal 
lift of U inside X (see j |A.4 ), and let T> be the formal open disc X\U. 



ThusX>^Spf W(fc)[PT 

By Grothendieck's theory of tame lifting f |SGAll XIII, Corollairc 
2.12]), the G-cover / : V -> U lifts to a tame G-cover T : V -> U 
of formal schemes. Applying [Gar96, Corollaire 2.14] shows that there 
exists R/W{k) finite such that J", when base changed to i?, extends to a 
G-cover y — > X of normal formal schemes, where the special fiber of y is 
possibly singular. The equation of this G-cover over T> is a G-extension 
A R /R[[T\] that is a birational lift of ^/fc[[t]]. □ 



Remark 4.6. Of course, most of the real work is contained in 
|Gar961 Corollaire 2.14]. For an overview of this corollary that uses 
less group theory than |Gar96j . see |Bre05|. Ch. 4], especially section 1. 
The argument given above is somewhat artificial, as it is not actually 
necessary to globalize the problem by building the branched cover /. 
However, in |Gar96| . the viewpoint is global, so we globalize in order to 
cite it. 

Remark 4.7. Sa'idi has refined the arguments of |Gar96) to show 
that the birational local lifting problem is solvable in towers. More 
specifically, let _B//c[[i]] be a G-Galois extension, let T be a normal sub- 
group of G, and let A = B T . If A R /R[[T}} is a birational lift of A/fc[[i]], 
then there is a finite extension R'/R and a birational lift Bri /R'[[T]] 
of B/k[[t]] such that {B R ,) r ^ A R (g> R R' . See [SallOl Theorem 2.5.5], 
where birational lifts are called "Garuti lifts." 
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The following criterion is extremely useful for seeing when a bira- 
tional lift is actually a lift (i.e., when A R ® R k is already integrally closed, 



thus isomorphic to A, in the language of Question 4.4) 



Proposition 4.8 (The different criterion). Suppose A R /R[[T]] is a 
birational lift of the G-Galois extension A/k[[t]]. Let K = Frac(R), let 
5^ be the degree of the different of (An ®jj if)/(i?[[T]] 0^ K), and let 
5 S be the degree of the different of A/k[[t]]. Then 5 S < S rp and equality 
holds if and only if A R J R[[T\\ is a lift of A/k[[t]]. 

Sketch of proof, (cf. IGM98I I, 3.4]) For any free module C/B of 
rank r, write det(C/B) = /\ r B (C). Consider the trace map 

r : det(A R /R[[T}}) x dct(A R /R[[T}}) -> R[[T}} 

induced by the map A R xA R -^ R[[T}} given by (ar, y) i-> tr AR/R[[T]] (xy). 
If 7r is a uniformizcr of i?, then by the Weierstrass Preparation Theorem, 
the image of r in R[[T}} is generated by n n P(T), with n > and P(T) 
a distinguished polynomial (i.e., P has a unit leading coefficient, and 
all other coefficients are in the maximal ideal of R). Tcnsoring the map 
r with K shows that S v = dim^rmi^^ (coker (r <Ei R K)) = degP. But 
setting t' — (7t _ ™t) <Ei r k, we see that the image of 

t' : det((A fl ® R k)/k[[t)]) x det((A R ® R k)/k[[t}}) -> k[[t}} 

is generated by the reduction of P(T) to characterstic p, so dinifcrmi (coker t') 
degP = S v . 

Let f be the trace map det (A/ k [[t]]) x det(A/fc[[t]]) -> Then 
dim.fe[[t]] (coker f) = S s . Since A is the integral closure of A R ® R k, 
|Ser79i III, Proposition 5] shows that S s < 5 V , with equality if and only 
if A R ® R k = A. □ 

Remark 4.9. In [SailO], Sa'idi introduces the idea of a fake lifting 
of a G-extension. A fake lifting of a G-extension A/fc[[i]] is a birational 
lift that is not an actual lift, but such that the degree of the different 
on the generic fiber is minimal among birational lifts. By Proposition 



4.8 the extension .A/fc[[t]] lifts to characteristic zero iff it has no fake 
liftings. Thus, one can try to answer a lifting problem in the affirmative 
by showing that the properties that fake liftings must satisfy are so 
restrictive that they cannot possibly simultaneously hold. In [SailOj . 
this is applied to give a proof that Z/p is a local Oort group, and also 
to show that certain Z/p 2 -extensions lift to characteristic zero (these 
results were already known — see §61). 
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§5. Obstructions to lifting 

In we discussed some obstructions to the (global) lifting prob- 
lem. In this section, we will discuss the Katz-Gabber-Bertin obstruction, 
or KGB obstruction ([CGH09J), which is the most effective way of show- 
ing that a particular local lifting problem does not have a solution. 

5.1. The KGB obstruction 

Let A/fc[[i]] be a G-extension, where G = P xi Z/m, with P a p- 
group and p \ m. A theorem of Katz and Gabber f |Kat861 Theorem 
1.4.1]) states that there exists a unique G-cover Y — > Pj, that is etale 
outside t G {0, oo}, tamely ramified of index m above t = oo, and 
totally ramified above t = such that the extension of complete local 
rings at t — is given by .A/A;[[f]]. This is called the Katz-Gabber cover 



associated to A/k[[t\\. By Theorem 3.1 and Proposition 6.1 (which does 
not depend on anything in this section) , the G-cover / : Y — > lifts to 
characteristic zero iff the extension A/fc[[t]] does. 

Let R/W(k) be finite, and let K = Prac(iJ). Suppose f R : Y R -> P^ 
is a lift of / to characteristic zero. Since genus is constant in flat families, 
the genus of Y is equal to that of Yjc := Fr XrK. Furthermore, if H < G 
is any subgroup, then Yr/H is a lift of Y/H with generic fiber Yk/H, 
and the genus of Y/H is equal to that of Yk/H. 

Definition 5.1. Let be a G-extension with associated Katz- 

Gabber G-cover Y — > P£. Then the KGB obstruction vanishes for 
A/k[[t]] if there exists a G-cover X — > P 1 over a field of characteris- 
tic zero such that, for each subgroup H CG, the genus of Y/H is equal 
to the genus of X/H . Equivalently (by the Hurwitz formula), the degree 
of the ramification divisor of Y/H — > ¥]. is equal to that of X/ H — > P 1 
for each subgroup H C G. Equivalently, the degree of the ramification 
divisor of Y —> Y/H is equal to that of X — >• X/ H for each subgroup 
H CG. 

Clearly, if A/fc[[i]] lifts to characteristic zero, its KGB obstruction 
must vanish. IfG = PxZ/mas above and the KGB obstruction 
vanishes for all G-extensions A/fc[[t]], then G is called a KGB group for 
/,-. 

The following classification of all the KGB groups is due to Chin- 
burg, Guralnick, and Harbater. 

Theorem 5.2 f [CGH09| . Theorem 1.2). The KGB groups for k 
consist of the cyclic groups, the dihedral group D p n for any n, the group 
A4 (for char(k) — 2), and the generalized quaternion groups Q2™ of 
order 2 m for m > 4 (for char(k) =2). 
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Remark 5.3. There is another obstruction, called the Bertin ob- 
struction ([Bcr98 ), that was proven in [CGH09 to be strictly weaker 
than the KGB obstruction. Since it is also more difficult to describe, we 
will not discuss it here. 

Since any local Oort group must be a KGB group, one can ask which 
of the KGB groups are local Oort groups. The generalized quaternion 
groups were shown not to be local Oort groups in [BrW09 . The ob- 
struction developed in [BrW09J to show this is called the Hurwitz tree 
obstruction, and has to do with the non-existence of a kind of generalized 



Hurwitz tree (for basics on Hurwitz trees, see £ T.3 1 . 

The group A4 was announced to be a local Oort group in |BoW06j . 
The group D p was shown to be a local Oort group by Bouw and Wewers 
f |BoW06Q for p odd and by Pagot ( |Pag02| ) for p = 2. We will discuss 
dihedral groups more in fj7] 

For cyclic groups, a major guiding problem in the field is the Oort 
conjecture. 

Conjecture 5.4 (Oort Conjecture). Any cyclic group is a local Oort 
group for any field k. 

If the cyclic group G has v p (|G|) = (resp. v p (|G|) = 1, resp. 
w p (|G|) = 2), then G is a local Oort group by Proposition 6.1 (resp. 
[OSS89 , resp. [GM98 ). These results, along with the Oort conjecture 
in general, will be discussed in detail in We note that the Hurwitz 
tree obstruction to the Oort conjecture was shown to vanish in ;Brc09, 
Ch. 4]. 

We also have the following strengthening of the Oort conjecture: 

Conjecture 5.5 (Strong Oort Conjecture). If G is a cyclic group, 
then any G-extension A/k[[t\] lifts over Pl^(fc) [C|G| ] ? where £| G | is a prim- 
itive \G\th root of unity. 

In fact, the results in |OSS89j and [GM98] prove the strong Oort 
conjecture for u p (|G|) < 2. 

Remark 5.6. In seems plausible that all D p ™ might be local Oort 
groups for any k of characteristic p, but no case has been proven with 
n > 1 and no one has been willing to conjecture this. See Question |5.11| 

Remark 5.7. The Oort conjecture was originally phrased in |Oor87( 
§7] as the global statement that "it seems reasonable to expect that 
[lifting] is possible for every automorphism of an algebraic curve." 

5.2. Non-KGB groups 

For a group G that is not a KGB group, we can ask when a G- 
extension has vanishing KGB obstruction. In this section, we will focus 



16 



Andrew Obus 



on two of the simplest cases, namely G = 1,/p x Z/p, for p > 2, and 
G = Z/p" x Z/m, when p \ m. We will use the fact that any n-tuple 
of generators (gi, . . . , g n ) of G such that g± ■ ■ ■ g n = id gives rise to a 
G-cover of branched at n points for any algebraically closed field 
K of characteristic zero (see, e.g., [CH85J. The branching indices of 
the n branch points are the orders of gi, . . . , g n , respectively (in fact, 
the inertia groups above these points are conjugates of the cyclic groups 
generated by the g^. The n-tuple (<?i, . . . , g n ) is called a branch cycle 
description of the G-cover. 

Proposition 5.8. Let mi and mi be the first and second lower 
jumps of a 1,/p x Ti/p-extension A/k[[t]\. If the KGB obstruction for 
j4//c[[t]] vanishes, then mi = —1 (modp). The converse is true unless 
p = 3 and mi = to 2 = 2. 

Proof, (cf. GM98, I, Theorem 5.1]) The degree of the ramification 
divisor of the Katz-Gabber cover g : Y — > associated to is 
the same as the degree of the different of which is S = (mi + 



l)(p — 1) + (rn-2 — mi)(p — 1) by (4.1 1. Now, each branch point of a 



Z/px Z/p-cover in characteristic zero is branched of index p, and thus 
contributes p(p — 1) to the degree of the ramification divisor. Thus, 
for the KGB obstruction to vanish, we must have p(p — 1) | 5. This is 
equivalent to p | m2 + 1 . Since mi = m2 (mod v) ( Se r79[ IV. Prop. 11]). 
we have mi = — 1 (mod p). 

Conversely, suppose mi = — 1 (mod p) (and thus ?7i2 = — 1 (mod p) 
as well). Consider a branch cycle description of the form 

(#0,1' ■ ■ • ,g0,r ,9l,l, ■ ■ ■ '9l,r 2 , ■ ■ ■ ,9p,ll ■ ■ ■ :9p,r p ) 

corresponding to branch points 

(^0,1 1 ■ • ■ i ^0,ro ) : • • • : *^l,r2 ) ' * • 5 ^p 5 l 5 • ' * ! ^V, r v ) 1 

where r Q = ■■■ = r p _i = Sittl an d r p = =^ti . Write G := Z/p x Z/p 
additively, such that (1,0) is an element of G„ i2 . Then we can take each 
gi j to be a non-identity multiple of (i, 1) for < i < p — 1, and each 
g p j to be a non-identity multiple of (1, 0). We leave it as an exercise to 
show that, unless p = 3 and mi = TO2 = 2, these choices can be made 
so that J2i j 9ij — (0, 0) . This gives rise to a G-cover X — > P^-, with 
chea(K) = 0. 

Suppose H is a subgroup of G. We calculate the degrees of the 
ramification divisors IZx of X — » X/iJ and 7\Ly of F — > F/i/. If iJ 
is trivial, then these degrees are both zero. If H = G, then \1Zy\ = 
(mi + l)(p 2 — 1) + (m 2 — mi)(p — 1) by the same calculation as earlier 
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in the proof, and it is easy to see that \Hx\ — i m i + 1 + m2 p +1 )(p 2 —p), 
which is equal to \TZy\- 

Now assume H has order p. The H -cover X — > X/H is ramified 
exactly at the ramification points above those Xij for which g^j gen- 
erates H. Since p points of X lie above each Xij, we obtain 1 72.x I = 
(m2 + l)(p — 1) if H is generated by (1, 0), and (mi + l)(p — 1) if not. 

If the Hj are the higher ramification subgroups for the lower num- 
bering for Y —> Y/H at the ramified point, and the Gj are the higher 
ramification groups for Y -> Pj,, then Hj = H H Gj ( |Ser79| Prop. 2]). 
By dO, we have |72 Y | = ^ >0 \ H j ~ M- Note that H n G i - Z /p 
for j < mi, and is trivial when j > mi, except if H is generated by 
(1,0), in which case Hj = Z/p for mi < j < m 2 . So one sees that 
\Ky\ = {m 2 + 1) if H is generated by (1,0), or (mi + l)(p- 1) if 

not. Thus, the G-cover X — > P 1 causes the KGB obstruction to vanish. 
□ 



Proposition 5.9. Let G = Z/p™ x Z/m, where G is not cyclic and 
p\m. Consider a G-extension A/k[[t]] with first positive lower jump h. 
Then the KGB obstruction for A/k[[t]] vanishes iff h = —1 (mod m). 
Furthermore, for this to happen, we must have that the conjugation ac- 
tion ofTLjm on Z/p n is faithful. 

Proof, (cf. |BoW061 Prop. 1.3]) Let g : Y -> P£ be the Katz- 
Gabber cover associated to Let / : X — > P^ be a G-cover 

in characteristic zero. Now, Y/(Z/p n ) — > P| is a Z/m-cover, branched 
at two points, so Y/(Z/p n ) must have genus 0. Thus, if / is to be a 
witness to the vanishing of the KGB obstruction, then the Z/m-cover 
X/(Z/p n ) —> P^ must have genus 0. Since any element of PGL 2 (7aT) of 
finite order is conjugate (after a possible extension of K) to a diagonal 
element when char(_ftT) = 0, such an element acts on P 1 with exactly two 
fixed points. Thus Xj (Z/p n ) —> P^ must be branched at two points with 
order m. Since G is not cyclic, any element of G with order divisible by 
m in fact has order m. So the G-cover / must have two branch points 
of index m, along with some branch points of p-power index. Consider 
/ : X/(Z/p n ~ 1 ) —> P^. The degree of the ramification divisor of this 
branched cover is 2(mp — p) + r(mp — m), where r is the number of 
branch points of / with index p n (these points are branched of index p 
in/). 

Now, the first positive upper jump for A/fc[[t]] is h/m, and since the 
upper numbering is preserved under quotients f |Ser79[ Prop. 14]), the 
first positive upper jump for A z / p " 1 /&[[£]] is h/m. So the first lower 
jump for A z / p " 1 /&[[£]] is h. The degree of the different of this extension 
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is then mp — 1 + h(p — 1), by (4.1 ). Thus the degree of the ramification 
divisor of Y j (Z/p n ) — > Pj. is (mp — p) + mp — 1 + h(p— 1). Equating 
this to 2(mp — p) + r(mp — m) yields h = — 1 + rm, so h = — 1 (mod m). 
Furthermore, it is well-known (see, e.g., |Pri021 Lemma 1.4.1(iv)]) that 
(h,m) — 1 implies that the action of Z/m on the p-Sylow subgroup of 
G^Z/p"" 1 ) is faithful. Thus the action of Z/m on Z/p n C G is faithful. 

Conversely, suppose h = —I (mod m) (so the action of Z/m on 
Z/p™ is faithful). Let the positive upper jumps for A/fc[[i]] be U\ — 
h/m, U2, ■ ■ ■ , u n . By IQPlOt Theorem 1.1], we have that mu\ = ■ ■ ■ = 
mu n = — 1 (mod m). Consider a branch cycle description of the form 

(7l772,5l,l, • ■ ■ ,31,7-!, #2,1, ■ • ■ ,32,r 2 , ■ • ■ ,9n,l, ■ ■ ■ , 9n,r„) 

corresponding to branch points 

(#1 5 ^2 , *^1,1 , • ■ • ,^l,ri,*£2,l, ■ • ■ ,*^2,r2, ■ • ' , *^n,l , ■ ■ ■ , ^n^r n ) , 

where r\ = u\ + — and r, = — Uj-i for 2 < i < n. We choose 71 and 
72 to be elements of G of order m, and for 1 < i < n, we choose each 
<7i j to be an element of G of order p n ~ l+1 . By choosing 71 correctly, we 
can ensure that 7172 Hi j 9i,j ^ s ^ ne identity. This gives rise to a G-cover 
X ->■ P},, with char(i^T) = 0. 

Suppose 7J is a subgroup of G of order p n m! . We calculate the 
degrees of the ramification divisors TZx of X — > X/H and IZy of Y — >• 
Y/ff. We get a contribution of p min(n',«- i+ i) _ x to |^ | at each of the 
mp 1-1 points of X lying above an Xij, for any j. We get a contribution of 
to' — 1 to \lZx \ at each point above z\ or zi whose inertia group intersects 
H nontrivially. The p n subgroups of G of order to are all conjugate and 
disjoint except for the identity element, and each one is the inertia group 
at one point above z\ and one point above z 2 . Furthermore, H contains 
p n subgroups of order to', each one contained in a unique subgroup of 
order to of G. So the total contribution to 17^x1 for the points above Z\ 
and Z2 is 2p n (to' — 1). We have shown: 

n 

\K X \ = 2p n \m! - 1) + S ^r. l mp l ~ 1 {p min(n ' ' n ~ l+1) - 1). 
i=i 

In characteristic p, the tamely ramified point of Y — >> Pjf, contributes 
p n (to' — 1) to \lZy I for the same reasons as in the last paragraph. Using 
Herbrand's formula, the higher ramification filtration of Y — > Pj. at the 
wildly ramified point for the lower numbering has one group of order 
p n m, and mp l ~ 1 (ui — u^-i) groups of order p n -' l + 1 for 1 < i < n, 
where we set u a = 0. If the Hj are the higher ramification subgroups 
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for Y — >• Y/H at this point, and the Gj are the higher ra mific ation 
groups for Y -» Pj£, then Hj = H H G 3 f ^er79l Prop. 2]). By pi]), the 



contribution to |72.y| at this point is X^j>o l-^j — -M- Note that if j > 0, 
then \Hj\ is the smaller of the order of the p-Sylow subgroups of H and 



Gj. We conclude that 



K Y \ = p n (W - 1) +p n m' - l + Y'mp l - 1 {u i - Ui-i)(p min ^ n ' n ~ i+ V - 1). 



i=l 



Some rearrangement shows that \TZx\ = \R-y\- Thus the KGB obstruc- 
tion vanishes. □ 

Remark 5.10. If p is odd, then any action of the dihedral group 



D p n satisfies the condition of Proposition 5.9 ( Pri02, Lemma 1.4.1] or 



|OP101 Theorem 1.1]). So Proposition |5.9| shows that D p n is a KGB 
group for p odd. 

Question 5.11. Does every Z/p™ x Z/m-action satisfying the con- 
dition of Proposition |5.9| lift to characteristic zero? 



Question 5.11 has a positive answer for n — 1 (Theorem 7.1). For 
n > 1, however, I am not aware of a single G-extension in this form that 
is known either to lift or not to lift. But there are £>4-extensions that 
are known to lift from characteristic 2 to characteristic zero ( |Bre08j ) . 

5.3. Weak Oort groups 

A group G is called a weak Oort group for k if there exists a G- 
extension A/fc[[i]] that lifts to characteristic zero. For instance, we men- 
tioned above that D4 is a weak Oort group for any algebraically closed 
field k of characteristic 2. Clearly, any local Oort group is a weak Oort 
group. We will content ourselves here to state two results about weak 
Oort groups, one positive and one negative. The first is due to Matignon: 

Proposition 5.12 ( |Mat99j ). The group (Z/p)™ is a weak Oort 
group for all primes p and positive integers n. 

Note that, if n > 1 and p is odd, then we can build a (Z/p) n - 
extension with a (Z/p) 2 -subextension that has nonvanishing KGB ob- 



struction (Proposition 5.8). Thus (Z/p) Tl is not an Oort group (or even 



a KGB group) by Theorem 5.2 (one also sees it is not an Oort group 
from the example in j |l.l[ ). For p = 2, we have that (Z/p) n is not an 
Oort group for n > 2 by the example in §1.1| 

The second result follows from [CGH09, Theorem 1.8]. 

Proposition 5.13. If G contains an abelian subgroup that is neither 
cyclic nor a p-group, then G is not a weak Oort group. 
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§6. Cyclic groups 

Throughout Sj6j we take R to be a large enough finite extension of 
W(k), and K = Frac(i?). Let V = Spec R[[T]] be the open unit disc. If 
L is any field of characteristic p, we say that x G L is a pf/i power if the 
equation y p — y = x has a solution in L. In this case y is called a pi/i 
rooi of x. 

The purpose of £[6] is to discuss progress toward the Oort conjecture 



(Conjecture 5.4) 



6.1. Reduction to case of cyclic p-groups 

Cyclic groups of prime-to-p order are local Oort groups: 

Proposition 6.1. Suppose x is any K -point ofT>. If A/k[[i\] is a 
Z i 'to- extension, with p \ m, then it lifts to a Z/m- extension Ar/R[[T]]. 
We can choose this lift so that if f : Spec Ar — >• V is the induced map 
on schemes, then the generic fiber of f is branched only at x. If no 
branching behavior is specified, we can take R = W{k). 

Proof. By Kummer theory we may assume without loss of gen- 
erality that A is given by k[[t]} [y]/(y m — t). Think of x as an ele- 
ment of R with v(x) > (see [ ]A.l 1. Then choose Ar to be given 



by R[[T]][Y]/{Y m — (T — x)). The reduction of A R is as desired. If x is 
not specified, then the lift R[[T]][Y]/(Y m - T) is defined over W(k). □ 

Remark 6.2. Proposition [6Tl along with the local-global principle 



(Theorem 3.1 ), gives another proof of Proposition 2.2 



Using Proposition |6.1[ we can reduce the local lifting problem for 
cyclic groups to the p-group case: 

Proposition 6.3. Let G = Z/mp n , where p\m. If1/p n is a local 
Oort group, then G is a local Oort group. 

Proof. Let H be the unique subgroup of G of order m and let H' 
be the unique subgroup of order p n . Given a G-cover f :Y —> Spec k [[t]], 
let g : X —> Specfc[[f]] (resp. g' ; X' —> Specfc[[£]]) be the unique quo- 
tient Z/m-extension (resp. Z/p n -extension). Then the normalization of 
X x Specfe r[ t ]] X' is isomorphic to Y. By assumption, g' lifts to a Z/p 15 



cover g' R : X' R — > T>, with generic fiber g' K . By Proposition 6.1 g lifts 
to a Z/m-cover g R : Xr — > T>, and we can choose g so that the unique 
branch point of the generic fiber gx of gu is branched of index p n in the 
generic fiber g' K of g' . 

Let Xft be the normalization of Xr Xt>X' r . Then the canonical map 
fa : X R — > T> is clearly a birational lift of /. The degree of the different 
of g (and of gx ) is to — 1. Let 5 be the degree of the different of g' (and 



The (local) lifting problem for curves 



21 



of g' K ). Using our assumptions on the branch loci of gx and g' K , one 
calculates the degree of the different of the generic fiber fx of to be 
mS + rn — 1. On the other hand, the higher ramification groups {H') i for 
the upper numbering at the unique ramification point of g are the same 
as the corresponding groups G % for /, as long as i > f |Ser79L IV, Prop. 
14]). Also, |(i?')°l — P n an d G° = mp n - Applying Herbrand's formula 
shows that |#ol = P n , I Go | = mp n , and = G mi for i > 1. Then 
(4.1 1 shows that the degree of the different of / is also mS + (m — 1). 
By Proposition |4.8| we conclude that Jr is a lift of /. □ 



Remark 6.4. For any i G N, let Q be a primitive ith. root of 
unity. One would like to claim that if the strong Oort conjecture (Con- 
jecture 5.5) holds for Z/p n , then it also holds for Z/mp n , for any m 
with p \ m. However, if the lift of g' in Proposition |6.3| can be done 
over then the lift of / in Proposition 6.3 can be done over 

W(k){( p n 7 (m} — W(k){( mp ™] only if g' K has a branch point of index p n 
defined over Fr&c(W (k)[( mp n]) . It does not seem clear that this must be 
the case. 



6.2. Z/p™-extensions in characteristic p 

In attempting to prove the Oort conjecture, it is useful to have a 
somewhat explicit form for all Z/p™-extensions of k((t)). It is well- 
known, by Artin-Schreier theory, that any Z/p-extension of k((t)) is 
given by an equation y p — y = f(t), where f(t) is not a pth power in 
k((t)). It is clear that f(t) must have some term with negative degree, 
as otherwise, letting / = / — /(0), we have that a — f — f p — f p ~ — ■ ■ ■ 
is a pth root of /, where a is a pth root of /(0). In fact, after a change 
of variable in t, we may assume f(t) = , and in this case j is the 
unique upper jump in the higher ramification filtration of the extension 



(see Proposition 6.5 below). 

It is less well-known that there is an explicit form for all Z/p n - 
extensions of k{(t)), written as successive Artin-Schreier extensions. The 
higher ramification filtration (and thus the degree of the different) can 
also be read off from this form. 



Proposition 6.5. There exist explicit polynomials /i, . . . , / n _i over 
¥ p in 1,.. . ,71 — 1 variables respectively, such that for any given Ti/p n - 
extension L/k((t)), there is a choice of x±, . . . , x n G k{{t)) such that 
L/k((t)) is given (possibly after a change of variable in t) by adjoining 



22 



Andrew Obus 



yi, . . . , y n satisfying 
p 

n 

2/2-2/2 = h(yi) + x 2 



2/1-2/1 = ^1 



Vn~Vn = fn-l{Vl, ■ ■ ■ ,Vn-l) + X n . 

Furthermore, we can choose x\ = t~ J , for some j > 1 no/ divisible by p, 
and we can choose X2, • ■ ■ ,x n to be polynomials in t" 1 wit/i no terms of 
degree divisible by p. Conversely, every choice of X\, . . . , x n in this form 
gives a distinct "L / p n -extension. If . . . , u n ) are the upper jumps of 
L/k((t)), then u\ = j, and for i > 1, we have ttj = max(deg(a;i),pui_i). 

We can pick a generator a ofL/p n such that a p j/j = • + 1 for 
1 < i < n. 

Proof. That the equations and action of a can be chosen in this 
form is originally due to Schmid ( Sch36]), see also |OP10[ §3]. The 
formula for the upper jumps was proven by Garuti ( |Gar02l Theorem 
1.1]). ' □ 

Proposition |6 . 5 1 has the immediate corollary: 

Corollary 6.6. The upper jumps (iti, . . . , u n ) of the extension above 
satisfy Ui > pui-i for 2 < i < n. If m > pUi-\, then p \ Ui. 

Remark 6.7. The Artin-Schreier-Witt theory (detailed in |OP101 
§3] and LanOJl pp. 330-331]) says that for any field L of characteristic 
p, there is an association between truncated Witt vectors x £ W n (L) 
of length n and Z/p"-extensions of L. Furthermore, x,y £ W n (L) are 
associated to the same extension iff there exists z £ W n (L) with x — y = 
F(z)—z, where F : W n (L) — !• W n (L) is the Frobenius map. If L = fc((i)), 
then the length n Witt vector (xi, . . . , x n ) £ W n (L) is associated to the 
extension in 16.51 



6.3. Lifting Z/p-extensions 

The following proposition solves the local lifting problem for Z/p- 
extensions. 

Theorem 6.8. The group Z/p is a local Oort group. In particular, 
any G-extension A/k[[t\] lifts over W(k)[^p], where £ p is a primitive pth 
root of unity. 



Proof. By Proposition 6.5 A is the normalization of k[[t]} in L/k((t)), 



where L/k((t)) is given by y p — y = t Wl , and 1*1 is the upper jump. Let 
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R = W(k)[( p ], and let A = ( p - 1. Then ^(AP" 1 +p)> 1. Consider the 
integral closure Ar of -R[[T]] in the Kummer extension of Frac(i?[[T]]) 
given by 

Z p = 1 + \PT~ Ul . 
Making the substitution Z = 1 + Ay, we obtain 

{XY) P + p\Y + oif'^-V) = X p T- u \ 

where o(p p '^' p ~ 1 ') represents terms with coefficients of valuation greater 
than -^j. This reduces to y p — y = t~ Ul . So we have constructed a 
birational lift. 

The degree of the different of A/fe[[f]] is (tti + l)(p — 1), by Lemma 



4.3 On the other hand, the generic fiber of SpecA^ — > Spec i?[[T]] is 
branched at exactly u% + 1 points in the unit disc (T = and T equals 
each uith root of — A p ). Since the ramification is tame, the degree of the 
different of A/i?[[T]] is (m + l)(p — 1) as well. By Proposition 4.8 our 



birational lift is an actual lift. □ 



Remark 6.9. Theorem |6.8[ along with Proposition |6.3| and the 

local-global principle, shows that, for G = Z/pm with p \ m, all G- 
actions on curves lift to characteristic zero. The original proof of this 
is due to Oort-Sekiguchi-Suwa ( |OSS89j ). and is global in nature. In 
particular, the proof relies on intricate calculations involving extensions 
of group schemes and deformations of generalized Jacobians. The local 
proof above, due to Green and Matignon ( GM98 ), is much simpler, 
once one admits the local-global principle. 

6.4. Sekiguchi-Suwa Theory 



Underlying the calculation in the proof of Theorem 6.8 is the so- 
called "Kummer- Artin-Schreier theory" in degree p. Its generalization to 
degree p n by Sekiguchi and Suwa ( [5594] . [5S99] ) is called the "Kummer- 
Artin-Schreier-Witt theory." While a full accounting of the theory is well 
beyond the scope of this paper, we will give a brief exposition below. For 
a more detailed exposition (although still not as detailed as the papers 
of Sekiguchi and Suwa) , see jMRTll| . 



6.4.1. Kummer- Artin-Schreier theory. Phrased in the language of 
group schemes, Kummer theory (of degree p) studies torsors under the 
group scheme jj, p , whereas Artin-Schreier theory studies torsors under 
the group scheme Z/p in characteristic p. Now, if is a Z/p- 

extension with a lift Afl/i?[[T]], then ^4fl/i?[[T]] is a torsor under a 
finite, flat group scheme over R whose generic fiber is fj, p and whose 
special fiber is Z jp (of course, if R contains the pth roots of unity, then 
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fip = Z/p, but it is more natural to think of the generic fiber as fi p ). 
These are rank p subgroup schemes of G m and G a , respectively. So in 
order to understand lifts of Z/p-extensions, one approach is to study 
group schemes over R whose generic fiber is G m and whose special fiber 
is G a . 

For any /i G m, the maximal ideal of R, consider the group scheme 



gV> := Spec(R[x, - J—]) 
1 + fix 

with comultiplication law 

(x,y) i ^ fixy + x + y, 

coinverse 

X I— > 



1 + fix 

and counit a; n- 0. There is a map from C/(W — > G m := -] given 
by x — > 1 + /ix, which is an isomorphism on the generic fiber. Indeed, 
a good way to think about the i?-points of is as elements of R 
with multiplication defined by x * y = z, where z is such that 1 + fxz = 
(1 + fix)(l + fiy). Clearly, the special fiber of Q^' is isomorphic to G a . 

Suppose R contains the pth roots of unity. Let fi = A as in the proof 
of Theorem |6.8[ so fi = £ p — 1, where Cp is a nontrivial pih root of unity. 
Then there is a group scheme morphism ip : — > Cj( AP ' given by 

(6.D *«<i±4f^, 

and this map is surjective in the etale topology. Note that ip is the map 
that makes the following diagram commute, where the vertical arrows 
are the maps to G m in the previous paragraph: 



i 

G, Tl 

So the generic fiber of ip is isomorphic to the pth power map on G m ,K 
and the special fiber of i/j, after a similar calculation to the proof of 



Theorem 6.8 is the map x i— > x p — x on & a ,k- Since R contains the pth 
roots of unity, the kernel of ip is the constant group scheme Z/p. Thus 
we have an exact sequence of etale sheaves over R: 

(6.2) o^z/p^g (A) -^g {XF) ->0. 
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The generic fiber of (6.2 1 is just the Kummer exact sequence over K, 



whereas the special fiber is just the Artin-Schreier sequence over k. 

Proposition 6.10. Suppose R contains the pth roots of unity. If B 
is aflat local R- algebra, then any unramified'L / p-cover Spec C — > SpecB 
is given by a Cartesian diagram of the form 



SpecC 



V 

Spec B 



I 

.g(xn 



{1+XY) P -1 

Proof. The short exact sequence (16.21) gives an exact sequence 



That is, C ^ B[y]/( tl+A A V~ 1 - X)), with X e B 



-> g^ P \B)/g^ x \B) -> JT^SpecB.Z/p) -> F^SpecB,^). 

But ff^SpecB,^) = r [SS94l Theorem 2.2]), so Z/p-torsors over 
Spec B are in one-to-one correspondence with elements g^ 1 " 1 (B)/g^ (B). 
Such elements can be interpreted exactly as elements X E B, where Xi 
is considered equivalent to X 2 if (1 + A p Xi)/(l + \ V X 2 ) = (1 + XY)p for 
some y in B. The proposition follows by the standard expression of the 
coboundary map from degree to degree 1 in etale cohomology. □ 

Remark 6.11. If ir is a uniformizer of R, and B — R[[T]]r w \, then 
B is a local i?-algebra with residue field k((t)). The lift exhibited in 
comes (birationally) from choosing X = T~ Ul in Proposi- 



Theorem 



6.8 



tion 6.10 So in some sense, we can say that our lift of a Z/p-extension 



comes from the Kummer- Artin-Schreier theory. In §6.5[ we will discuss 
how lifts of Z/p 2 -extensions come from the Kummer- Artin-Schrier- Witt 
theory described below. 

6.4.2. Kummer- Artin-Schreier- Witt theory. The point of Kummer- 
Artin-Schreier-Witt theory (or Sekiguchi-Suwa theory) is to generalize 



the exact sequence (6.2) to a sequence of group schemes with kernel 



Z/p n , and to generalize Proposition 6.10 to Z/p™-covers. In this section, 
we will concentrate on the theory itself, and in |6.5| we will show how 
this is applied to the lifting problem. 

Assume that R contains the p n th roots of unity. We seek an exact 
sequence of group schemes over R whose generic fiber is the Kummcr-likc 
sequence 



(6.3) 



i /v s z/p B -> (G m y 



-> i. 
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where the surjection <f> n is given by 

{x\ , . . . , X n ) I y O^l) ^2/ ' ^3/^2, • ■ ■ 5 -£71—1)5 

and whose special fiber is the Artin-Schreier-Witt sequence 

(6.4) l^Z/p"^ W„4 W n . 

Here W„ is the scheme of length n Witt vectors over k, which is an n-fold 
extension of G a 's, and p is the map F — Id, where F is the Frobenius 
map. In the Kummer-like sequence, since R contains the p n th roots 
of unity, we have fi p n = Z/p n , and we can think of the injection as 
sending 1 to (£ p , Q p 2, . . . , Cp™ ), where each £ p « is a p l tW root of unity and 

CpJ * = Cpi for j>i. 

Proposition 6.12 ( [5594] , Theorem 7.1 or [SS99) . Theorem 8.1). 
For each positive integer n, there exists a flat group scheme W„ over R 
(called a Kummer- Artin-Schreier-Witt group scheme,) that fits into the 
exact sequence 

(6.5) ->■ Z/p" -»■ W n ^ V„ := W n /(Z/p n ) -> 



0/ group schemes over R. The special fiber of (6.5) is isomorphic to 



the Artin-Schreier- Witt exact sequence \6.4\j over k, and the generic 
fiber is isomorphic to the Kummer-like exact sequence \6.£fy over K. 
Furthermore, W n is an n-fold extension of 's, and as a scheme is 
given by 

Spec R[Y!,...,Y n ' ' ! 



1 + AYi F^Yi) + \Y 2 F n _ 1 (Y 1 , . . .,Y n _ x ) + XY n ' 



for explicitly determined polynomials F x , . . . , F n _ x . Also, V n is an n-fold 
extension of ) 's, and as a scheme is given by 

8pecR[X 1 ,...,X n , ' ' ' 



1 + \PX X ' G X {X X ) + \PX 2 ' " ■ ' ' G n . 1 {X 1 , . . . ,X„_ X ) + XPXj' 
for explicitly determined polynomials G±, . . . , G n _\. 

Remark 6.13. While there is an explicit algorithm to calculate the 
polynomials Fi and Gj, the calculation gets extremely complicated as 
n gets large. Indeed, for n = 3, determining G 2 in |SS99j takes five 
pages. Likewise, the proof of Proposition |6.12| requires extraordinarily 
complicated calculations. 
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Remark 6.14. There are morphisms W« — > (G r 
„)", given by 



and V n 



»(") 



o 
and 



(y, . . . ,y n ) ^ (i+Ay, F 1 (y 1 )+Ay 2 , . . . , ^(y, . . . , y„_!)+Ay„) 



^ (l+APX 1 ,G 1 (X 1 )+A p X 2 ,...,G„_ 1 (X 1 ,...,X„ 



respectively. These maps are isomorphisms on the generic fibers, and 
the diagram 



-wx n ) 



(6.6) 



SpecW„ 
Spec V n 



i) 



i) 



commutes, where <f> n is given by (6.3) and ip n is given by (6.5). 

We state the generalization of Proposition |6.10| 

Proposition 6.15 f [SS94] . Theorem 3.8 or [SS99] . Theorem 3.8). 
Suppose R contains thep n th roots of unity. If B is a flat local R-algebra, 
then any unramified Z/p n -cover SpecC — > Speci? is given by a Carte- 
sian diagram of the form 



Spec C 



V„ = W„/(Z/p fl 



¥ 

SpecB 



Proof. One shows that H 1 (Spec B,W n ) = f [SS94l Theorem 3.6]), 
and then the proof is the same as that of Proposition |6.10| □ 

6.5. Lifting Z/p 2 -extensions 

The aim of this section is to sketch the proof of the following theorem 
of Green and Matignon: 

Theorem 6.16 f |GM98| . Theorem 2). The group Z/p 2 is a local 
Oort group. Moreover, any Z/p 2 -extension of k[[t]] lifts over W{k) [C P 2 ]- 

Green and Matignon do this by making the diagram in Proposi- 
tion [6T5] more explicit in the case n = 2. More specifically, they take 
R = W(k)[C p 2] and B = i?[[T]]( 7r ), where it is a uniformizer of R, and 
write down a specific morphism SpecS — > V 2 . By Proposition |6 . 15"! this 
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gives an unramified Z/p 2 -cover SpecC — > SpecB. They then show that 
C'/R[[T]], where C is the integral closure of R[[T]\ in Frac(C), reduces 
to a specific Z/p 2 -Galois extension ^4/fc[[£]] (in fact, it is an extension in 
the form of Proposition 6.5 where x 2 = 0). Thus C"/i?[[T]] is a lift of 



v4//c[[t]]. Lastly, they show how, given a lift of A/fe[[t]], one can lift all 
other Z/p 2 -extensions of k[[t]). 

We start by constructing the map Spec C — > Spec B. Let A = ( p — 1 
where (, p is a nontrivial pth root of unity, let n = £ p 2 — 1, where Q^ 2 = C P , 

and let fi = tt - tt 2 /2 H h {-Vf^ p ~ l / {p ~ !)• Note that M and ^ are 

both uniformizers of R. Recall that 



and 



W„^Speci?[Y 1 ,y 2 



V„ S SpecJJtXi.Xa 



1 1 ] 

-AFi' Fi(Yi) + AF 2 



1 + APXi Gi(X!) + AfX 2 J 



We have Fi(Yi) = exp (/xYi) and Gi(Xi) = exp p (fi p Xi), where exp p 
is the truncated exponential including terms up through degree p — 1. 
The formula for Fi comes from ISS94] , and Green and Matignon derive 
the formula for Gi, although it can also be determined from [SS99 . 
Moreover, by [SS94, Theorem 7.1], there is a commutative diagram of 
group schemes over R: 



W 2 - 

■02 



v 1 = g^-^v 2 



where the t/^'s are from Proposition 6.12 the left h orizo ntal arrows are 
given by X 2 = and Y 2 — 0, the map 2 is from (6.3), the map 
is given by (Fi,Y 2 ) ^ (1 + XYuF^Yy) + XY 2 ), and (3^ is given by 
{X X ,X 2 ) i-> (1+X P X U Gi(Xi)+X p X 2 ) (the right hand square is nothing 
but (6.6), for n — 2). From this diagram, we see that the map ip 2 ■ W 2 — > 



V 2 is given by the equations 

(l + AYi) p = l + X p Xi 

(f 1 (y 1 ) + xy 2 ) p (i + xy 1 )- 1 = d^^)) 



x p x. 



Note that tpi is the same as ip from (6.1), that is, ipi(Yi) = ^ 1+AYl ^ — - 



Let a : Spec B -t V 2 be given by X 1 -> T~ Ul and X 2 



0. Then, in 
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Proposition |6.15"| we have 
(6.7) 

C = B[Y 1 ,Y 2 ]/(tpi(Y 1 ) - T- u \ (F^YJ + \Y 2 f - (1 + AYi)Gi(T~ Ul )), 

and Spec C — > Spec B is an unramified cover, which must reduce to some 
Z/p 2 -cover of k((i)) if t is the reduction of T. 



An intricate calculation ( GM98, Lemmas 5.2, 5.3]) shows that (6.7 1 
in fact reduces to the the Z/p 2 -extension A/k({t)) in Proposition 



6.5 



with x\ = t Ul and x 2 — 0, which has upper jumps (ui,pu±). By 



Lemma 4.3 the degree of the different of this extension is 

(p 2 -i)( Mi + i)+p(p-i)V. 

Now, if we let Z\ = 1 + AYi and Z 2 = F 1 (Y 1 ) + XY 2 , then we can 
write the equations for C as 

(6.8) Z{ = 1 + \PT- U1 , Z% = Z 1 -Gx{T- Ul ). 

Letting C be the normalization of -R[[T]] in Frac(C), we see that Spec(C"(g 
K) — > Spec(i?[[T]] (gifl K) is branched of order p 2 at u\ + 1 points (the 
zeroes and poles of 1 + X p T~ Ul in the open unit disc around T = 0) and 
of order p at (p— points (the zeroes of Gi(T~ Ul ), or exp p (^ p T~ Ul ), 
in the open unit disc around T = 0). Since char(i4T) = 0, the degree of 
the different of this extension is also 

(p 2 -i)( Mi + i)+p(p-i)V. 

By the different criterion (Proposition|48| , C'/R[[T}} is a lift of A'/k[[t}}, 
where A' is the integral closure of k[[i\] in A. 

Green and Matignon then show ([GM98| Lemma 5.4, Theorem 5.5]) 
that C can be deformed so as to find a lift of the integral closure of 
k[[t]] in the Z/p 2 -extension A/fe[[f]], corresponding to x\ = t~ Ul and x 2 
arbitrary in Proposition [63J This is a subtle calculation, and we remark 
that the naive approach (i.e., choosing a : SpecB — > V 2 to send X 2 to a 
lift of x 2 instead of to 0) fails because the different criterion is no longer 
satisfied in general. We will discuss this further in §6.6| 



6.6. A different approach to lifting Z/p™-extensions 

6.6.1. The general form. Since the explicit polynomials F n and G n 



involved in Sekiguchi-Suwa theory (Proposition 6.12) get very compli- 
cated when n gets large, it is difficult to generalize the methods of Green 
and Matignon to show that 1/p n is a local Oort group. In (as of yet 
unpublished) work of Stefan Wewers and the author, a different, less 
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explicit approach is taken. The starting point is equation (6.8 1. Gener- 
alizing this, it is clear that if R contains the p"th roots of unity, then 
any Z/p"-extension of Frac(i?[[T]]) can be given by equations 

Zl = H 1 (T) 
Zl = Z X H 2 {T) 

(6.9) 

Zl = Z n ^H n (T), 

where H t {T) <E Frac(i?[[T]]) for 1 < i < n. The Galois action of a 
generator of Z/p™ sends Zi to C p iZ i: where C P ; is a p*th root of unity 

and — ( p i for j > i. This is isomorphic to the extension Z p = 

H 1 (T)H 2 {T)p ■ ■ ■ H n {T) pn l in standard Kummer form. 

The next proposition gives a somewhat explicit criterion for when a 
birational lift of a cyclic extension is an actual lift. 

Proposition 6.17. (i) Let A/k[[t]] be a Z/p™- extension with up- 
per jumps (u%, . . . , u n ). Suppose A R /R^T\\ is a birational lift of 
A/k[[t\] given by normalizing R[[T]\ in the extension of fraction 



fields given by ( 6.9). If the Hi are polynomials in T . if AcgH\ = 
ui, and if degHi = ui — for i > 1, then A R /R[[T]] is a lift of 
A/k[[t]]. 

(ii) Suppose that A R j R[[T]\ is the normalization of R[\T]\ in the ex- 



tension of fraction fields generated by (6.9), where the Hi are 
polynomials in T~ 1 with degHi — u%, degHi — Ui — for 
2 < i < n — 1, and degH n = (p — l)u n -i. Suppose further 
that the 'Z/p n ~ 1 -subextension Br/ R[[T]} of A R J R[[T]} reduces to a 
Z/p" -1 -extension B/k[[t]} with upper jumps (ui, . . . ,u n _i). If the 
reduction A/k[[t\] of A R J R[[T\\ to characteristic p gives a separa- 
ble extension of fraction fields, then A is integrally closed and the 
upper jumps ofA/k[[t]] are (u±, . . . , u n _i,pu„_i). Thus A R /R[[T]} 
is a lift of some Z/p™ -extension A/k[[t]]. 

Proof. To (i): If T = x is in the open unit disc 2?, and i is minimal 
such that T = x is a zero of Hi(T~ l ), then the branching index of 
T = x in Spcc(A fl ® R K) Spec(i?[[T]] ® R K) is at most p n - l+1 . 
Clearly T = is the only pole of any i/^T -1 ), and has branching index 
at most p n . Thus, the zeroes of HilT^ 1 ) in T>, as well as T — 0, are 
branched of index at most p n . The zeroes of H 2 {T^ 1 ) that are not 
zeroes of i?i(T _1 ) are branched of index at most p n_1 , etc. Since Hi 
has at most deg Hi zeroes, it follows that the degree 6 V of the different 
of (A R ® R K)/(R[[T]] ® R K) satisfies 
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(6.10) s„ < ( P n ~ i)( Ul + i) + J2(p n ~ l+1 - iK'Vi - 



By Lemma 4.3 the right-hand side is the degree S s of the different of 



A/A;[[i]]. By the different criterion (Proposition 4.8), we have 8 n = 8 S 
and our birational lift is an actual lift. 



To (ii): As in part (i), the degree S v of the different of (A R ® R K)/(R[[T\]® R 
K) satisfies 

(6 - U) 

s v < (p n -i)(u 1+ i)+(j2( P n - i+1 - iy-\ Ul - ui-OJ+Cp-ijp^HCp-iK-i) 

Let (ui, . . . , u n ) be the upper jumps of A'/fc[[t]], where A' is the integral 
closure of A. Then the degree of the different of A' /&[[£]] is 

n 

8' s := (p n - l)(tt X + 1) + ^(p"- 4+1 - iy-\ Ul - „,_!), 



by Lemma 4.3 If <5 S is the degree of the different of A/fe[[t]], then 



5' s < 5 S = §„. But, by Corollary 6.6 we have 5' s > 8„, with equality iff 
u n = pu n -\. So 5 S — S' s , which means that A = A' and the Ui are as 
desired. □ 

Remark 6.18. Since <L = 8 S in both cases above, we have equalities 



in (6.10) and (6.11), so each of the zeroes of each H^T^ 1 ) must be 
simple and must lie in the open unit disc around T = 0. This means 
that, up to scaling by a constant, each polynomial Hi(T~ r ) is of the 
form do + aiT^ 1 + ■ • • + aiy i T~ Ni with v(ao) — and v{flj) > for 
j > 0. Furthermore, the zeroes of all of the i?i(T _1 ) must be pairwise 
distinct. 



Note that Propostion 6.17[ ii) applies to Green and Matignon's lift 



in (6.81, as Gi(<0i(Yi)) = exp^^T"" 1 ). In fact, Proposition 



6.17 



applies to Green and Matignon's lifts for general Z/p 2 -extensions (this is 
how they prove that the birational formulas they write down are actually 
lifts). So it seems reasonable, given an Z/p™-extension, to look for a lift 
in the form of (6.9) satisfying the conditions of Proposition 6.17 ^i). 

Furthermore, Proposition |6.17| suggests a framework to attack the 
lifting problem for cyclic extensions: 
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Framework 6.19. Suppose A/fe[[t]] is a Z/p"-extension with upper 
jumps (iti, . . . , u n ). Let -B/fc[[i]] be the Z/p n_1 -subextension. Assume 
by induction that we have a lift £?fl/i?[[T]] of £>/&[[£]] given by equations 
in the form of (6.9|, where the Hi are polynomials in T _1 with degiJi = 
Ml, and degiJi = Ui — Ui—% for 2 < i < n — 1. 

Step 1: We seek a polynomial H n in T _1 of degree (p — l)u„_i 
so that the reduction of (6.9) is separable. By Proposition |6.17| [ii), 
the equations (6.9) then lift some Z/p n -extension with upper jumps 
(ill, ■ ■ ■ ,u n -i,pu n -i) whose Z/p"~ 1 -subextension is 2?/fc[[i]]. 

Step 2: If we can find such an H n , then the goal is to replace H n 
by a polynomial of degree u n — it n _i in order to give a birational lift 
of A I k [[<]], using an argument along the lines of that of Green and 
Matignon. This will be an actual lift by Proposition |6.17| 



6.6.2. Depth and separability. Framework |6.19] forces us to under- 
stand when an extension of has separable reduction. In Appendix 
[B| the notion of the depth of a cyclic Z/p™-extension Ai?/i?[[T]] is dis- 
cussed. This is a non-negative number that is iff the extension has 
separable reduction. 

Fix a Z/p ra -extension Afl/ii[[T]], corresponding to a morphism Jr : 
Spec An — > Spec -R [[T]] , birationally given by equations in the form ( 6.9 1 . 
For each i, 1 < i < n, let (^4/j)i/i?[[T]] be the unique Z/p l -subextension, 
and let (fn)i be the corresponding morphism. For each rational r > 0, 
let a r be an element of a finite extension of R of valuation r, and enlarge 
R so that it contains a r . Then D r :— Spec ^[[a^ 1 ! 1 ]] is the open disc 
of radius \a r \ (SA.l). Note that T> = Vq. The restriction of any (fn)i 
to the disc T> r corresponds to making a substitution U — a~ l T in the 
i/i(T _1 ), . . . , iJ^T" 1 ), and viewing the equations (6.9) as giving an 
extension of i?[[J7]]. We denote the depth of such an extension by Si(r), 
and we view Si as a function of r. Our goal is to find Hi, . . . , H n such 
that 5 n (0) = 0. 

The following result is unpublished, but is known to the experts. It 
can essentially be derived from [Obu09a, §5.3], where the depth is called 
the "effective different." 



Lemma 6.20. Let and a r be as above. For each 1 < i < n, 

the depth Si is a piecewise-linear function of r. The right- derivative of 
Si at r is less than or equal to Vi(r) — 1, where Vi{r) is the number of 
branch points of the generic fiber of with valuation greater than 

r (in terms of the coordinate T). Equality holds iff the special fiber of 
\v T is smooth (i.e., the integral closure of i?[[a~ 1 T]] in Frac{{An)i) 
has integrally closed reduction). 
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Let us now place ourselves in Framework |6.19| and use the notation 
therein. We will make the further assumption (for the remainder of 



[6.6.2) that the zeroes of Hi, . . . , H n _\ (and thus the branch points of 
the generic fiber of (/r)«-i) all have valuation greater than - — Xp-i) • 
This assumption is essential (in fact, its necessity is the reason that we 
do not have a full proof that TLjp n is a local Oort group), as it has 
the consequence that 6 n -i(- — ) = p^T- This follows from Lemma 



6.20 Then, [Wewll, Proposition 6.1(iii)] shows that, no matter what 

i \ _ _p_ 

(p-i)) p-i 



we pick for H n , we will have S n { \ 1} ) = (here 6 n -i and 5 n 



play the roles of 5 and 5 in [Wewll] ). 

Lemma 6.21. If we pick H n of degree (p — l)u n -i in T _1 (as in 



Framework 6.19) so that all of its zeroes are simple and have valuation 
- — ^p-\) > then S n (0) = iff the special fiber of fp_ is smooth. 



Proof. By Remark 6.18 we see that fn has a total of pu n ^\ + 
1 branch points on the generic fiber (corresponding to the zeroes of 
i?i(T -1 ), . . . , i?„(T _1 ), which are all simple and distinct , and the unique 
shared pole T = 0). Since 8 n {- — ^ p -i) ) = Lemma 6.20 shows that 
S n (0) = iff" the special fiber of fa is smooth. □ 

The next proposition is a major result in |OWllj . 

Proposition 6.22. Given H n as in Lemma \6.21\ we can adjust H n , 
while keeping its degree and the valuation of its zeroes the same, so that 
the special fiber of fji becomes smooth. 

Very rough sketch of proof. If fn is not smooth, there is a mini- 
mum r > corresponding to a maximal disk T) r such that (fn) \v r 
is smooth. One can show using [Wewll) Proposition 6.1] that r < 
- — ^p-i) ■ One then shows that if r > and R is taken large enough, 
then one can adjust H n as in the proposition to decrease r (we think of 
r as depending on H n ). This involves solving differential equations over 
k, which in turn reduces to solving systems of linear equations over F p . 
Amazingly, these systems arc ovcrdctcrmincd yet still always have solu- 
tions! Lastly, one independently shows that there is some particular H n 
as in the proposition where r takes a minimum (and H n can be realized 
over some finite extension R/W(k)). This minimum must be 0, and this 
is the H n we seek. □ 

Remark 6.23. Note that this proof is non-constructive. In partic- 
ular, we have no control over how large we must take R. 

Corollary 6.24. Suppose B/k[[t]] is a Z/p" -1 -extension with upper 
jumps (ui, . . . , u n —i) that lifts to characteristic zero, and that the lift to 
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characteristic zero is in the form of (6.9) with Hi, . . . , H n _\ polynomials 
in T _1 with degHi = ui and degHi = Uj, — Uj_i for 2 < i < n — 1. 
Suppose further that all the zeroes of H^T^ 1 ), . . . , H n _i{T~ r ) have val- 
uation greater than - — ^ p -\) ■ Then there is a Z/p™- extension A^/k[[i\] 



with upper jumps (u\, . . . , u n ^i,pu n - 
that lifts to characteristic zero. 



l) anda r Ljp n 1 -subextension B/k[[t]] 



and 
□ 



Proof. Follows from Step 1 of Framework 6.19 Lemma 6.21 
Proposition |6.22| 

6.6.3. Lifting general extensions. By Corollary |6.24[ we can, under 
mild hypotheses, extend a lift of a Z/p n_1 -extension i?/fc[[i]] to a lift of 
some Z/p"-extension Ao/fc[[t]] with minimal possible nth upper jump. 



The extension Ao/fc[[i]] can be written in the form of Proposition 6.5 
where degx„ < pu n ^\. Its lift can be written in the form of (6.9) with 
H n a polynomial of degree (jp— l)u n -i in T~ l . Our goal is now to show 
that we can, in fact, extend our lift of £?/£;[[<;]] to lift any Z/p n -extension, 
(with £?/fc[[i]] as the Z/p n-1 -subextension) no matter what the 
upper jump. In particular, if the nth upper jump of A//c[[t]] is u n , we 
wish to replace H n with a polynomial of degree u n — in T _1 that 



yields a birational lift of .A/fc[[f]]. By Proposition 6.17 (i), this gives an 
actual lift of A/fc[[t]]. 

Let us recall that our lift of the Z /p-extension given birationally by 



yP - y = t-' Ul was given by the equation = 1 + X P T- Ul (|6_3|). Now, 
suppose we were to replace t~ Ul by t~ Ul + where q has no terms 

of degree divisible by p. If Q(T~ l ) is any lift of q{t- 1 ) to i?[T _1 ] that 
preserves the degree, the argument of Theorem |6.8| easily carries through 
to show that Z'P = 1 + A p (T" ni + Q(T -1 )) gives a lift of the extension 
given by y p — y = t~ Ul + 

The general situation is similar. In fact, in |OWll) . we prove the 
following result: 

Proposition 6.25. Suppose A /k\\t \] is obtained from Ao/k[[t]] as 
above by replacing x n in Proposition 6.5 with a;„ + g(t _1 ), where q has no 
terms of degree divisible by p. If Q(T~ L ) is any lift of q^ 1 ) to i?[T -1 ], 
then replacing H n by H n + \ p Q(T~ l ) in (6.9) gives a birational lift of 
A/k[[t}}. 



Unfortunately, we cannot apply Proposition 6.17[ i) in general. For 
instance, if degq > pu n -\, then degg = u n , thus degQ > u n and 
deg(H n + \ P Q) > u n . But to apply Proposition 6.17[ i), we would need 
deg(iJ n + X P Q) = u n — u n —i. However, it turns out that there is some 
polynomial H' n of degree u n — in T _1 , as well as some lift Q of 

q to i?[[T]], such that the ratio of H' n to H n + X P Q is a pth power 
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in Frac(i?[[T]]). Replacing H n by H' n must give the same extension 
of Frac(i?[[T]]) as replacing H n by H n + X P Q. By Proposition 6.25 



replacing H n by H' n gives a birational lift, and by Proposition 6.17 i), 
this is an actual lift. Thus we have completed step 2 of Framework 6.19| 
Explicitly: 

Proposition 6.26. Suppose B/k[[t]] is a Z/p 11 ^ 1 -extension with 
upper jumps (ui, . . . , it„_i) that lifts to characteristic zero, and that the 
lift to characteristic zero is in the form of (6.9) with Hi, . . . , H n —i sat- 



isfying the assumptions of Corollary 6.24 
A/k[[t]] with Z/p™- 1 



Then any 1 j p n -extension 
subextension B /k[[t\] lifts to characteristic zero. 



However, in order to continue the induction, it is necessary that 
the zeroes of H'^T^ 1 ) have valuation greater than - ^_iy I n our 
construction of H' n , this is regrettably not always the case. The best we 
can do so far is the following: 

Lemma 6.27. Suppose that there is no a £ pL such that u n — 
pu n -i < a < (u n - pu n _i) ( Un ^ n _\ Then the lift of A/k[[t]} in 



Proposition 6.26 can be accomplished in the form of (6.9) with H n a 
polynomial in T~ l of degree u n ~u n _i and the zeroes of H n (T~ r ) having 
valuation greater than - ?~-n • 

Using Lemma [6. 2 7[ we can state our strongest result about the local 
lifting problem for %jp n . 

Theorem 6.28 ( [OWllj b Let A/fc[[t]] be a Z/p n -extension with 
upper jumps (u\, . . . ,u n ) . Then A/k[[t\] lifts to characteristic zero so 
long as, for each i, 3 < i < n — I, there does not exist £ p'L with 



PUi-1 < di < {Ui -pUi-x) 



Ui-l 



6.; 



and by 



Proof. The cases n — 1 and n — 2 are given by Theorems [6 
and |6.16| Furthermore, the lifts given explicitly in Theorem 
Green and Matignon for Theorem 6.16 are in the form of ( 
degiii = ui, degH 2 



u 2 - 



6.9) where 

mi, and the zeroes of H^T- 1 ) and H 2 (T- 1 ) 
have valuation greater than ui J_^ and M2 ^_ 1 - | , respectively. The proof 
then follows by repeatedly applying Proposition |6.26| and Lemma |6.27| 
□ 



Remark 6.29. (i) The condition in Theorem 6.28 is vacuous for 
n = 3, so Z/p 3 is a local Oort group, 
(ii) The condition is satisfied if Ui — pUi-\ for all i > 3. In particular, 
it holds for all "minimal" sets of upper jumps (u\,pui, . . . ,p"~ 1 ui). 
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(iii) The example p — 5, n — 4, (ui, . . . , M4) = (1, 5, 34, 170), and 03 = 
10 shows that the condition is not always satisfied. 

(iv) The condition is somewhat strange: for a Z/p 4 -extension, the only 
upper jumps that need to be checked are the second and third! 
Because of this strangeness, it seems reasonable to believe that the 
condition is not necessary, and that the Oort conjecture still holds. 

(v) Our proof gives no insight into the ring R necessary for lifting 
to characteristic zero. To show that a lift is possible over R = 
W(fc)[£ p n] will require new techniques. 



§7. Metacyclic groups 

Throughout G = Z/p x Z/m with p \ m and G not cyclic. 
Also, R/W(k) is a large enough finite extension and K — Frac(i?). Let 
V = Spec i?[[T]] be the open unit disc. Bouw, Wewers, and Zapponi 
have proven the following theorem (although they did not phrase it in 
terms of the KGB obstruction). 

Theorem 7.1 ( [BWZ09| . Theorem 2.1). A G-extension A/k[[t]] 
lifts to characteristic zero iff its KGB obstruction vanishes. In other 
words, A/k[[t\] lifts exactly when the (unique) positive jump in the higher 
ramification filtration for the lower numbering of A/k[[t]\ is congruent 
to —1 (mod m). 

The following corollary immediately follows from Theorems |5 . 2 1 and 

Corollary 7.2. For odd primes p, the dihedral group D p is a local 
Oort group. 



Note that, as a consequence of Proposition 5.9 the KGB obstruction 
can only vanish if the conjugation action of Z/?ti on Z/p is faithful. In 
particular, we must have m\(p — 1). In light of this, we view the mth 
roots of unity as living in (Z/p) x C k x . 

7.1. An explicit lifting example 

We present an example of a G-extension that lifts to characteristic 
zero, due to Green and Matignon. 

Proposition 7.3 ( jGM99j . IV Prop. 2.2.1). Let p be an odd prime. 
The Dp-extension of k[[t]\ given birationally by the equations 

(7.1) X 2 =t, yP-y = x-\ 

lifts to characteristic zero (in fact, one can take R = W(k)[£], where £ 
is a primitive pth root of unity). 
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Proof. There are elements a, c € D p with 

a(x) = x, a(y) = y + 1, c(at) = -x, c(y) = -y. 

Let £ p be a primitive pth root of unity, and let A = £ p — 1. We claim the 
extension of i?[[T]] given birationally by equations 

\p 

(7.2) (X + —) 2 = T, Z p = l + XPX- 1 

gives a lift, under the automorphisms 

a(X) = X, a(Z) = C P Z, c(X) = -X- \p, c(Z) = i 
A straightforward calculation verifies that the given actions of a and 



c indeed preserve the equations (7.2). It is also clear that the actions 



of a and c generate a dihedral group. Upon making the substitution 



1+XY = Z, we see that the equations ( 7.2 ) reduce to the equations ( 7.1 1 



as in the proof of Theorem 6.8 Since c(Y) = 1 ~^ y and cr(Y) = (Y + 1, 
we see that the action of D p m characteristic zero reduces to the action 
of D p in characteristic p. Lastly, one checks that the unique positive 



lower jump on the special fiber is 1 (Proposition 6.5), so the degree of 



the different in characteristic p is 3p — 2 by (4.1 ). The generic fiber is 



branched at T = (4^-) 2 of index p and at T = of index 2, so the degree 
of the different is also 3p — 2. By the different criterion (Proposition 



4.8), the equations (7.2) give a lift. □ 

Remark 7.4. Similar examples are given in [GM991 Proposition 
2.2.2] of Z/p ><j Z/(p — l)-cxtensions that lift, for any p. In general, 
however, it is not known how to find explicit equations for lifting G- 
extensions, where G = Z/p x Z/m. 

7.2. Structure theorems 



Our first step toward the proof of Theorem |7.1| is a structure result 
completely classifying G-extensions of k((t)). 

Lemma 7.5 ( |Pri03j . Lemma 2.1.2, |Pri02j . Lemma 1.4.1 (iv)). Sup- 
pose L/k((t)) is a G = Z/p x Z / 'm- extension with unique positive lower 
jump h. Then, up to a change in the parameter t, we have 

L = k((t))[u,y]/(u m ~t, yP~y-u- h ). 

Furthermore, given a primitive mth root of unity £ m (viewed as an ele- 
ment of (li/p) x ), we can choose elements a € G of order p and c G G 
of order m such that the Galois action is given by 

a{u) = u, a(y) =y + l, c(u) = Q m u, c(y) = C~V 
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Also, we have cue 1 = a^ m . 

In particular, up to isomorphism, there is only one G-extension of 
k((t)) with given positive lower jump. 

A more general structure theorem, this one in characteristic zero, 
will be useful for the proof of Theorem |7.1| In particular, we can clas- 
sify certain G-extensions B / R^T}}^' 1 } . Note that i?[[T]]{r -1 } is a 
complete discrete valuation ring with residue field fc((i)), and if 7r is a 
uniformizer of R, then ir is also a uniformizcr of i?[[T]]{T -1 }. As we 
will see, we only care about such extensions for which B is abstractly 
isomorphic to i?[[C/]]{C/ -1 } (these correspond to extensions in which R 
is algebraically closed). Fix such an isomorphism. 

We need three invariants to classify such extensions. The first is 
the different of the extension. For the second, let a £ G be an order p 
element. Then ^jp- — 1 can be written as n n f(U), where f(U) has coef- 
ficients of nonnegative valuation and at least one coefficient of valuation 
zero. The conductor of B/i?[[T]]{T -1 } is the valuation of the reduction 
of f(U) to k((u)) (where u has valuation 1). Lastly, if c £ G generates 
a subgroup G of order m, then c(T) = aT (mod T 2 ), where a reduces 
to a nonzero element a £ k x . This gives a character G — > k x , which is 
called the tame inertia character. 

Lemma 7.6 ([B0WO6 , §2, in particular Proposition 2.3). The dif- 
ferent, conductor, and tame inertia character of G-extension of R[\T]]{T~ 1 } 
are well-defined. Up to a change in the parameter T , there is at most 
one G-extension i?[[C7]]{J7 _1 }/i?[[T]]{T -1 } with a given different, con- 
ductor, and tame inertia character. This works even if G is cyclic. 

A G-extension of i?[[T]]{T -1 } with degree of different 5, conductor 
h, and tame inertia character A is said to be of type (5, h, A). 

Remark 7.7. Unfortunately, Lemmas |7.5| and |7.6| do not hold if 



Ijp x Z/m is replaced by 1jp n X Z/m, for n > 1. See Remark 7.14 



7.2.1. Outline of proof . We outline the proof of Theorem 1 7. 1[ which 
will depend on results from |7.3| 



Proof of Theorem\7l\ Recall from jj42jthat if A R /R[[T}} is a lift 
of the G-extension then An is abstractly isomorphic to 

the ring of functions on an open unit disc. Furthermore, for any faithful 
G-action on i?[[J7]] by continuous i?-linear automorphisms (that is, a 
G-action on the open unit disc), the fixed ring i?[[C/]] G is abstractly 



isomorphic to i?[[T]]. In Proposition 7.9 (using Dcfinition|7.10 ), we show 



that a faithful G-action on the open unit disc Spec R [[U]] with separable 
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reduction and positive conductor h at the boundary gives rise to a so- 
called Hurwitz tree with conductor h. In Proposition |7.11| we reverse 
this process, showing how a Hurwitz tree with conductor h gives rise to 
a G-action on the open unit disc. By Corollary |7.12| the G-extension 
i?[[[/]]/i?[[T]] associated to such a G-action reduces to a G-extension 
Afc/A;[[t]] with unique positive lower jump h. 



In Proposition 7.13 we construct, for each h = —1 (mod m), a Hur- 
witz tree of conductor h, thus yielding a lift of a G-extension A/j/fc[[i]] 
with unique positive lower jump h. Note that any G-extension v4/fc[[i]] 



with positive lower jump h is isomorphic to (Lemma 7.5). Since 

we have constructed a lift of A/j /&[[£]], there must also be a lift of A/fc[[i]]. 
This completes the proof of Theorem |7.1| □ 

7.3. Hurwitz trees 

Suppose G acts faithfully on the open unit disc T> = Spec 
by i?-automorphisms with no inertia above a uniformizer of R (that is, 
the action reduces to a faithful G-action on Spec fc[[u]]). The idea of a 
Hurwitz tree is to break the disc T> up into smaller discs, punctured discs, 
and annuli upon which G acts, to isolate the salient features of these 
actions in combinatorial form, and to keep track of how they connect 
with each other. Henrio gave the first major exposition of Hurwitz trees 
(|Hen99j), dealing with the case of a Z/p-action on an open disc. The 
concept was extended by Bouw and Wewers to encompass G-actions. For 
the basic facts about discs and annuli that we will use, see Appendix |A.l| 
Our concept of Hurwitz tree is more restrictive than that of [B0WO6 , 
in that what we call a Hurwitz tree is called a "Hurwitz tree of different 
0" in [BoWOfij . 

Throughout |7.3| let T>x be the generic fiber of T>. Clearly, G acts 
on T>k . Let a be an element of G of order p. 

7.3.1. The Hurwitz tree associated to a G-action on the open unit 
disc. Let dV = Spec ^[[t/]]-^ 1 } be the boundary of V. Then a G- 
action on T> gives a G-action on &D, with some conductor h. Then 
[GM98J I, Claim 3.3] shows that the number of (geometric) fixed points 
of the action of a on T>k is h + 1. We may assume that R (and K) are 
large enough so that the fixed points yi, . . . , yh+i ola are all defined over 
K. We assume further that ft, > 0, so there are at least two fixed points. 
Lastly, we assume that G acts without inertia above a uniformizer of R. 
Now, let Y st be the stable model of corresponding to the marked 



disc (£>; y±, . . . , yn+i) (see f A. 3 —this is essentially the minimal stable 
model of that separates the specializations of the yi and 00, where 
T>x C P^ is viewed as being the open unit disc centered at 0). Let Y be 
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the special fiber of Y st . If oo is the specialization of the point oo £ P^ 
to Y, then let V = y\{oo}. The set of points of that specialize to 
V is a closed disc £, strictly contained in T>. In fact, £ is the smallest 
closed disc containing all the points y\, . . . , yh+i- 

Let £ st be the model of £ whose special fiber is V. Since the points 
j/i, ... 5 Vh+i ar e permuted by G, we have that G acts on £ st . Further- 
more, since a £ G fixes each y^, it follows from the stability of Y that a 
must fix the special fiber V of £ st pointwise. 

Let V =T>/{a), that is, 

V = Spec <CT> S Spec R[[T}} 

for some parameter T. Then V is an open unit disc with generic fiber 
V K . Let z\, . . . , Zh+i be the images of y±, . . . , 2/ft+i under the canonical 
map 2? — > 2?'. As above, we let Z st be the stable model of P^ corre- 
sponding to the marked disc (2?'; z\, . . . , Zft+i), with special fiber Z. If 
oo' is the specialization of oo to Z and W — Z\{oo'}, then we define 
£' and (£') s * in analogy to £ , £ st in the previous paragraph. We have 
£' = £/(a) and {£') st = £ st /(cr). Note that the map £ st -+ {£') st re- 
duces to a purely inseparable map V — ¥ W on the special fiber, as a 
fixes V pointwise. 

We build the Hurwitz tree corresponding to the G-action on V as 
follows (note that we will not explicitly define a Hurwitz tree until the 
next section). Consider the dual graph T of Z, whose edges E(T) and 
vertices V(r) correspond to the irreducible components and nodes of Z, 
respectively. An edge connects two vertices if the corresponding node 
is the intersection of the two corresponding components. We append 
another vertex and edge vq and eo so that eo connects vq to the vertex 
corresponding to the component containing oo'. 

If e 7^ e is in E(T), t hen e e is defined to be the thickness of the 



corresponding node of Y ({ A.l|. We set e eo to be the thickness of the 
open annulus T>\£ . If v ^ v is in V(r), then let rj' be the generic point 
of the component S v of Z corresponding to v, and let j] be the point of Y 
lying above 77'. Then the extension Oy.i ^/O-^st , gives an inseparable 
extension on residue fields and satisfies the conditions of Proposition 
|B.1[ We set S v to be the valuation of the different of this extension 



( Prop osition B.ll and uj v to be the corresponding deformation datum 
(SB.2|. We have that lu v is a meromorphic differential form on S v . We 
set 5 VQ =0, and we do not define ui Vo . 

Lastly, we note that if we choose a subgroup C = Z/m C G, then C 
acts on V , £', and (£') st . So C acts on Z, as well as on V. Also, if c G C, 
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then c* (uj c (v) ) is a differential form on the component corresponding to 
v. 

Definition 7.8. The data consisting of the group C C G, the curve 
Z, the marking oo', the specializations z\, . . . , z~h+i of Z\, . . . , Zh+i to Z, 
the graph T, the differential forms uj v for v e l / (r)\{t'o}, the numbers 
S v for v € V(r) and e e for e 6 -B(r), and the C-action on Z, comprise 
the Hurwitz tree of the G-action on 2?. 



7.3.2. Hurwitz trees in general. The data of Definition 7.8 satisfy 
many compatibilities. We will define a general Hurwitz tree to be a 
collection of data in the form above satisfying these compatibilities. 

Proposition 7.9. The data in the Hurwitz tree of Definition |7Tff| 
satisfy the following properties: 

(i) Z has genus and is stably marked by oo,Z\, . . . ,~Zh+i (i.e., each 

irreducible component contains at least three points that are either 

marked or singular), 
(ii) For each v G V(r), we have that S v is rational and satisfies < 

S v < 1, with S v =0 iff v = Vo ■ 
(Hi) For each v € V r (r)\{uo}, the divisor of lo v is supported at the 

marked points and the singular points of Z . In particular, uj v has 

simple poles at any of the points z±, . . . ,~z n +i on the component of 

Z corresponding to v. 
(iv) If S v = 1, then uj v is logarithmic. Otherwise, u v is exact, 
(v) If e € E(T), then e e is a positive rational number, 
(vi) If a node z of Z lies on two components S and S corresponding 

to vertices v' and v" ofT, then ordg^Ov' + ordzUJ v " = —2. 

(vii) In the situation of (vi), if v' ^ vq and the node z corresponds to 
an edge e € E(T), then 

S V ' - 5 V " = ip~ l)e e (ordgLJ v > + 1). 

(viii) The action of C fixes oo' and permutes the points ~2\ . . . ,z~h+i- 
(ix) If Cz C C is the stabilizer of a node z of Z, then the characters 

describing the action of C-g on the tangent spaces of the two com- 
ponents of Z intersecting at ~z are inverse to each other. 



(x) If x i s the conjugation character of C on Z/p C G (\B.2), then 
c*uj c ( v ) = x(c)uj v for all c, v. 

Proof. Parts (i), (iv), and (v) follow from the definitions. Part (ii) 



follows from Proposition B.l Part (iii) follows from [Wcw03, Prop. 1.7]. 
Parts (vi) and (vii) follow from Hcn99, Ch. 5]. Parts (viii) and (ix) 
follow because the Hurwitz tree comes from an action of G. For a proof 
of part (x), see [B0WO6J Prop. 3.4]. □ 
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Definition 7.10. Suppose Z is a semistable curve over k of genus 
with smooth distinct marked points oo', Z\, . . . , ~z~h+i- Let T be the dual 
graph of Z , with an extra vertex i>o (called the rooi vertex) and an ex- 
tra edge eo connecting t;o to the vertex corresponding to the component 
containing oo'. Suppose that each vertex v £ V(T) has an associated 
meromorphic differential form uj v on the corresponding component (un- 
less v = i>o) and an associated rational number 8 V . Suppose that each 
edge e £ E(T) has an associated thickness e e . Lastly, suppose that the 
group C = Z/m acts on Z (thus on F), and has an injective character 
X : C — > F* such that c*uj c ^ v - ) = x( c Vu- If this data satisfies parts 



(i) — (x) of Proposition 7.9 then it is called a Hurwitz tree of type (G, x). 
The conductor of this Hurwitz tree is defined to be h. We denote the 
Hurwitz tree by (Z;oo';zi, . . . ,Zh+i;tJ v ; S v ; e e ) 

Note that, as was mentioned at the beginning of §7.3. f | the conduc- 
tor of a G-action on the open unit disc at the boundary is equal to the 
conductor of its associated Hurwitz tree. 

7.3.3. Lifting Hurwitz trees. The main result of this section is the 
following: 

Proposition 7.11 ( BoW06|, Theorem 3.6). Suppose we are given 
a Hurwitz tree T = (Z; oo' ; zi , . . . , ~2h+i i u v ; S v ; e e ) of type (C = Z/m, \) 
with conductor h > 0, and \ an injective character C — > . If G = 
Z,/px x C, then there is a G-action on the open unit disc T> = Spec i?[[C/]], 
with no inertia above a uniformizer of R, whose associated Hurwitz tree 



(Definition 7.8) is T . In particular, the conductor of the action of G at 



the boundary dD = Spec i?[[C/]]{[/ : } is h. 

Very rough sketch of proof. The edges e £ E(T) of the graph T 
of T correspond to open annuli A e , whereas the vertices v £ V(T) 
(other than the root vertex) correspond to (possibly punctured) closed 
discs U v , each IA V being a closed disc with r v — 1 open discs of the same 
radius removed, where r v is the number of edges incident to v (see |A.2 ) 



These annuli and punctured discs fit together to form the open unit disc. 
Furthermore, for each U v , we can use 5 V and lo v to construct a Z/p-cover 
of IA V . Because of the compatibility properties of the S v , ui v , and e e in 
the definition of Hurwitz tree, we can glue in Z/p-covers of the annuli 
A e to form an open unit disc. This disc has a Z/p-action, and it turns 
out it even has a faithful G-action that satisfies the requirements of the 
proposition. □ 

More detailed version of proof. Maintain the notations from the sketch 
above. Let Zr be a model of with special fiber Z (i.e., a flat i?-scheme 
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whose special fiber is Z and whose generic fiber is P^) such that the 
specialization of oo is oo'. Write Z for the formal completion of Zr at 
Z. Now, if v G V(r) is a vertex other than the root vertex, then the 
irreducible component S v of Z corresponding to v contains r v points 
Si, . . . ,s rv from among oo' and the singular points of Z. These corre- 
spond to the edges of P incident to v. If U v C S v is the comple ment 



of these points, then the formal subscheme W„CZ that lifts U v ({ A. 4 1 
is a projective line with r v open discs T>' v 1; . . . ,T>' V r corresponding to 
w r ^ removed (alternatively, we can view IA V as a closed disc with 



r v — 1 open discs removed, see ( A.2|. Write U v = Spf A v . In |BoW 06, 



§3.4], the data 5 V and uj v are used to construct a Z/p-extension B v /A v , 
where B v is abstractly isomorphic to A v . Thus, the formal scheme 
V v := Spf B v can also be viewed as a formal projective line y with 
r v open discs T> v i, . . . ,T> V rv removed, with each V v i lying above the 
respective T>' v v 

If C v C C is the stabilizer of t>, then the action of Z/p on J3„ 
extends to an action of G v := Z/p X C v C G on B^, thus on V-u- Each 
Pt,^ has a boundary dT> v ^. If C K ,j C C,, is the stabilizer of the edge of 
r corresponding to 2?^, then := Z/p x G W; j acts on dT> v i . This 
gives rise to a G^-cover SD^.j —> dT> v ^/G Vt i. It is shown ( BoW06, 
Lemma 3.3(iii), Prop. 3.9]) that this extension is of type (8w>hv,i : — 
— oidwii^v) ~ La); where a : C v .i — > (F p ) x is the unique character such 
that aT hvA = x\c v 4 (note that h v ,i is called hi in [|Bo W06l Prop. 3.9]. 
There is a sign error in that paper which explains why our h v j is their 
hi). 

Now, suppose e G E(T) is an edge with stabilizer G e . Consider the 
two vertices V\ and ^2 incident to e. Assume for the moment that neither 
v\ nor V2 is the root vertex. Then we have seen that there is a G e := 
Z/p xi G e -cover of boundaries of open discs associated to each of v\ and 
V2, namely, the covers dV Vl ^ — > dT> Vlt i/G e , and &D V2 j — > dV V2 j/G e 
for the correct i and j corresponding to e. Suppose these covers are 
of t ype (St, hi, oti) and (5%, h%, ot%), respectively. By (vi) of Proposition 
7.9 we have h 2 = —hi. This gives us that a 2 — 0:7/ . By (ii) and (vii) 



of Proposition |7.9[ we have < 81,82 < 1 and 

81-82 = (p- l)e e (-hi) = (p - l)e e h 2 . 



In this situation, }BoW06| §3.5] exhibits an open annulus A e with thick- 
ness e e and G e -action such that one boundary is of type (81, hi, cti) 
whereas the other is of type (Si + (p — l)e e hi, —hi, a^ 1 ). By Lemma 
|7.6[ one can identify the boundaries of A e with dT) Vl i and &D V2 j in 
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a G e -equivariant way, and thus we can glue A e to V Vl and V V2 while 
respecting the G e -action. 

Alternatively, If e is the edge eo, incident to Vi and the root vertex 
vq, then B0WO6, §3.5] constructs an annulus A eo of thickness e eo with 
one boundary of type (Si,hi,ai) and the other of type (0, — h%,a^ ). 
Again, this annulus can be glued along its first boundary to while 
respecting the G e -action. We know that —hi is just ordgo' {w Vl ) + 1, 
which by |BoW06( Lemma 3.3(i)] is equal to h. 

By gluing the annuli A e for all e G E(T) to the V v for all v 7^ Vq G 
V(r) as above, we obtain an open disc 2?. The G-action on 2? is given 
by having G permute the V v and A e just as it permutes V(r) and E(T), 
and having the stabilizers G v and G e of each vertex and edge act as in 
the construction. One checks that the G-action gives rise to the original 
Hurwitz tree T . □ 

Corollary 7.12. J/2? = Spec J?[[[/]] is the. open disc with G-action 
corresponding to the Hurwitz tree in Proposition \ 7. 1 ij then the reduction 
of the extension R[[U]\ / R[\U]] G to characteristic p has unique positive 
lower jump h. 



Proof. By Proposition 7.11 the group G acts on J?[[[/]]{C/ -1 } with 
conductor h. The reduction of J£[[C/]]/J?[[[/]] G to characteristic p is a G- 
extension whose associated extension of fraction fields is the reduction 
of R^UJUU- 1 } 1 1 RiPWiU- 1 } . By the definition of conductor and the 
lower numbering, the reduction of J?[[[/]]/J?[[C/]] has unique lower jump 
equal to the conductor of J?[[C/]]{C/- 1 }/J?[[C/]]{C/- 1 } G , which is h. □ 

7.3.4. Constructing Hurwitz trees. In order to complete the proof of 
Theorem |7.1| we need only show: 



Proposition 7.13. If C = Z/m, if \ : C — > is an infective 
character, and if h > 1 satisfies h = — 1 (mod to), then there exists a 
Hurwitz tree of type (G, x) with conductor h. 

Proof. If h < p, we give the construction from BWZ09, Proof of 
Prop. 1.4]. We take Z to be smooth, so that the graph T will only have 
two vertices vq and vi, one edge eo incident to both, and vq is the root 
vertex. Set S Vo = 0, 5 V1 = 1, and e eo = ojizrn ■ Write h — rm — 1. 
Consider z\ , . . . , z r G F£ such that the elements 

z i,j '■= (L z i> 1 < i < T l 0<J<TO-1 

are pairwise distinct (note: h ^ p — 1). Here £ m is an mth root of unity, 
which we think of as an element of . Take 00 and the Zij to be the 
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marked points. Then set 

dz 

Uvi = rc=i(* m -*rr 

One shows that this is logarithmic ([BWZ09, Lemma 1.5]). It has a zero 
at oo of order rm — 2 = h—1. Lastly, if c is a generator of Z/m, take the 
action of c on Z to be given by c*z = CmZ. It is then an easy exercise 



to verify properties (i) — (x) of Proposition 7.9 

If h > p, then we cannot take Z to be smooth, and the construction 
is more complicated. See [BWZ091 Proof of Theorem 2.1] and [B0WO6, 
Theorem 4.3]. □ 



Remark 7.14. The methods used to prove Theorem |7. l| work equally 
well to show that all Z/p-extensions of k[[i\) lift to characteristic zero 
(this is the subject of Henrio's thesis [Hen99]). Of course, one would 
like to extend these methods to lift Z/p™- and 1/p n x Z/m-extensions 
of k[[t]] for which the KGB obstruction vanishes. Indeed, there is a no- 
tion of Hurwitz tree for actions of Z/p n x Z/m on the open unit disc 
(sec BrW09 ). However, there is currently no good analogue of Lemma 
7.6| for groups with cyclic p-Sylow subgroups of order greater than p. 
Without such an analogue, the gluing that is essential for the proof of 
Proposition |7. 1 1~| cannot be performed. 



§Appendix A. Non-archimedean geometry 

We briefly discuss the constructions and objects in non-archimedean 
geometry that are used in this paper, taking a rather naive perspective 
throughout. For a thorough introduction to formal and rigid geometry, 
see e.g. [BGR84J, or for a quick overview see |Gar98j and |Hen98| . 
Throughout this appendix, let R/W(k) be finite, and let K = Frac(i?). 

A.l. Discs and annuli 

We call the scheme Spec i?[[T]] the open unit disc (by abuse of lan- 
guage, the term "open unit disc" is used regardless of R). For any al- 
gebraically closed field extension K' /K where K' has an absolute value 
extending that of K, the if'-points of Spec i?[[T]] correspond to the el- 
ements b £ K' with \b\ < 1, by plugging in T — b (these are the values 
at which all power series in i?[[T]] converge). By abuse of language, we 
will call this set of if'-points the open unit disc as well (we will do the 
same for the closed disc and annuli described below). 

The scheme Spec R{T} is the closed unit disc (recall that R{T} 
is the subring of i?[[T]] consisting of power series for which the co- 
efficients tend to 0, see j ]1.4| . For K'/K as above, the if'-points of 
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Spec R{T} correspond to the elements b g K' with |6| < 1, by plugging 
in T — b. The boundary of the open (or closed) unit disc is the scheme 
Spec i?[[T _1 ]]{T}. Note that this scheme has no i^-points. The ring 
i?[[T" 1 ]]{T} is a complete DVR with residue field fc((^ 1 )). 

If a € K such that |o| = r, then Spec R[[a' l T]) (resp. Spec i?{a _1 T}) 
is the open (resp. closed) disc of radius r. This is isomorphic to the open 
(resp. closed) unit disc under the map T i— > a~ 1 T. 

The open annulus of thickness e is Speci?[[T, U]]/(TU — a), where 
a e R is such that v(a) = e (recall that we always set v(p) = 1). For 
K' /K as above, the iC'-points of Spec R[[T, U]]/(TU — a) correspond to 
those b £ K' with \a\ = p~ e < \b\ < 1 (or, stated in terms of the valuation 
on K', that < v(b) < e), by plugging in T — b. The open annulus 
has two boundaries, one given by Spec _R[[T]]{T _1 } and one given by 
Spec i?[[C/]]{?7 _1 }. Note that two open annuli over R are isomorphic if 
and only if they have the same thickness. 

A. 2. Semistable models of curves 

Let Xr — > Spec R be a semistable curve with smooth generic fiber 
X and special fiber X. If x € X, then x is cither a smooth point or a 
node. If x is smooth, then SpecOx^.E is isomorphic to an open unit disc, 
whereas if x is a node, then SpecOx R .x is isomorphic to an annulus of 
some thickness e, which is an intrinsic property of the singularity x £ Xr 
(see, e.g., [Ra799l §2.1.1]). 

If X is a projective line, we can give more detail. First assume that 
Xr is smooth. Then there are (many) elements T in the function field 
of X such that K(T) = K (X) and the local ring at the generic point of 
the special fiber of Xr is the valuation ring of K(T) corresponding to 
the Gauss valuation. We say that T is a coordinate of Xr (note that 
there can be many different coordinates for a given model). If T is a 
coordinate of Xr, if a, b G R, and if c G K, then T — a and T = b 
coalesce on the special fiber iff v(a — b) > 0, and T — oo and T = c 
coalesce on the special fiber iff c ^ R. 

Conversely, if T is any rational function on X such that K(T) = 
K (X), there is a smooth model Xr of X such that T is a coordinate of 
X R . _ 

Now, drop the assumption that Xr is smooth. Then X is a tree- 
like configuration of PjS.'s. Each irreducible component W of the special 
fiber X of Xr corresponds to a smooth model of X, and thus to (many) 
coordinates T. Such a T is called a coordinate on W in this case. 

Let Xr be a semistable model for X = Pi-. Let K be an algebraic 
closure of K. Suppose x is a smooth point of X on the irreducible 
component W . Let T be a coordinate on W such that T = specializes 
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to x. The complete local ring of x in Xr is isomorphic to i?[[T]]. The 
set of points of X(K) that specialize to x is the open unit disc v(T) > 0. 

Now, let a; be a nodal point of X, lying on an irreducible component 
W. Suppose T is a coordinate on W such that T — specializes to 
the connected component of X\{x} not containing J-F\{x}. Then the 
complete local ring of x in Xr is isomorphic to R[[T,U]]/(TU — p e ) 
where e is the thickness of the annulus corresponding to x. The set of 
points of X(K) that specialize to x G X is the open annulus given by 
< v(T) < e. 

Suppose T is a coordinate on a component W of X, and suppose 
T = oo specializes away from W. Let U be the subset of W consisting 
of smooth points of X. Then the set of points of X(K ) that specialize 
to U is a punctured closed unit disc, that is, a closed disc with an open 
unit disc removed for each point of (X\{oo})\f7. 

A. 3. Stable models and marked discs 

Let X = P^, and suppose we are given x\, . . . , x r £ X(K), with 
r > 3. Then there is a unique semistable model X st for X over R 
such that the specializations of x\, . . . , x r to the special fiber X of X st 
are pairwise distinct, and such that each irreducible component of X 
contains at least three points that are either singular or specializations 
of an Xi. The i?-curve X st is called the stable model of the marked curve 
(X;xx, . . .,x r ). 

Consider the open unit disc T> := Spec i?[[T]], and suppose we are 
given xi,...,x r in T)(K), with r > 2. From j |A.l[ we can think of 
elements of the maximal ideal of R. Let X st be the stable 
model of the marked curve (P^ ; oo, x\, . . . , x r ), with special fiber X 
(thinking of P^iT) as K U {oo}). We will call X st the stable model 
of P|f corresponding to the marked disc (T>; x\, . . . , x r ). Let oo be the 
specialization of oo to X. Note that the set of points of P 1 ^) that 
specialize away from oo form a closed disc. In particular, each point in 
this closed disc is an element of the maximal ideal of R (although some 
elements of the maximal ideal of R might specialize to oo) . 

Example A.l. Let R = W(¥ 5 )[a]/ (a 2 — 5), and consider the marked 
open unit disc (2?; 0, 5, 10, 25, 5a, 5 + 5a). Then the stable model of 
X = P^ corresponding to our marked disc has a special fiber X with 
four irreducible components X\, X2, X3, and X±, as in Figure [l] (the 
specializations of the marked points are marked with overlines in Figure 

The following table shows where the -RT-points of X specialize. 
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Fig. 1. The special fiber X 
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A. 4. Formal schemes 

Corresponding to each disc or annulus from §A.2[ there is a formal 
disc or annulus. In particular, if a disc or annulus is given by Spec A, 
then the corresponding formal disc or annulus is Spf A. In fact, if X is 
the formal completion of Xr at its special fiber (the "formal projective 
line"), then any subscheme V C X lifts to a (canonical) formal sub- 
scheme V C X, regardless of the genus of X. For instance, take any 
(Zariski) open subscheme Vr of Xr such that V is a closed subscheme 
of Vr. Then V is the formal completion of Vr at V, viewed as a formal 
subscheme of X via the inclusion Vr — > Xr. 
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§Appendix B. Depth and deformation data 
B.l. Depth 

Maintain the notation R and K from Appendix]^] For any i?-scheme 
X in this appendix, write Xk for its generic fiber and Xj~ for its special 
fiber. Likewise, for an i?-algebra A, write Ak for A <E)r K and Ak for 
A (gijj k. We assume throughout that R contains the pth roots of unity. 



Given a G-extension B/R[[T}], it is important in £6.6.2 to know how 
far its reduction is from being separable. In particular, if the reduction is 
separable, then B/R[[T]} is at least a birational lift of the normalization 
of the reduction. The most basic interesting case is when G = Z/p. We 
start off by stating a general structure theorem about Z/p-extensions of 
certain _R-algebras. 

Proposition B.l f |Hen99| . Ch. 5, Proposition 1.6). Let X = Spec A 
be a flat affine scheme over R, with relative dimension < 1 and integral 
fibers. We suppose that A is a factorial R-algebra that is complete with 
respect to the ir-adic valuation (fori: a uniformizer of R). LetYx — > Xk 
be a non-trivial etale 'L/p-cover, given by an equation y p = f , where f is 
invertible in Ax ■ Let Y be the normalization of X in K(Yk); we suppose 
the special fiber ofY is integral (in particular, reduced). Let n (resp. rf ) 
be the generic point of the special fiber of X (resp. Y). The local rings 
Ox,n o,nd Oy,t\' are thus discrete valuation rings with uniformizer ir. 
Write 5 for the valuation of the different of Oy,v' I @x,n ■ We then have 
two cases, depending on the value of 5 (which always satisfies < 5 < 1): 

• If 8 — X, then Y = SpecB, with B — A[y]/(y p — u), for u a 
unit in A, not congruent to a pth power modulo n, and unique 
up to multiplication by a pth power in A x . We say that the 
Ijp-cover Yx — > Xk has multiplicative reduction. 

• If < 6 < 1, then 6 = 1 — n{ p ^ L ), where n is an integer such 
that < n < e/(p — 1). Then Y = Spec B , with 

B A[w] 



( (^,+i),-i _ u) . 



foru a unit of A, not congruent to a pth power modulo tt. Also, 
u is unique in the following sense: If an element u' £ A x could 
take the place of u, then there exists V € A such that 

TT Pn u' + 1 = (TT Pn U + l)(lT n V + If. 



If 5 > (resp. 5 = 0), we say that the 'Ljp-cover Yk — > Xk 
has additive reduction (resp. etale reduction,). 



50 



Andrew Obus 



Note that the map Yk — > Xk above is separable iff S = 0. 



Definition B. 2. (i) If S is as in Proposition B.l then the number 
i s called the depth of the extension B/A (or of the map Y — > 

X). 



(ii) If X is as in Proposition B.l let Yk — > Xk be a Z/p™-cover that 
can be broken up into a tower of Z/p-covers Yk = T n — > T n _i — > 
■ ■ ■ -» Ti — > T = X K - Assume that for all i, 1 < i < n, the 
maps Ti + \ — > Ti and the normalization A; of X in Tj satisfy the 



properties of Proposition B.l (with A4 playing the role of X and 
Ti+i -» Tj playing the role of Y K — > ^^)- Then for each Tj/Tj_i, 
we can define Si as in Proposition |B.1| If the normalization of X 
in K(Y K ) is Y = SpecB, then the depth of B/A (or of Y ->• X) is 
defined to be 

/n-i \ 



* + T 6 n . 

P- 1 



This is called the effective different in |Obu09a| and |Obul0j . 
B.2. Deformation data 

Let Y —> X = Spec A be a degree p finite extension as in Proposition 
|B.1| let 5 and u be as in Proposition |B.1| let u be the reduction of u 
to Ak, and assume (5 > 0. Then the Z/p-cover Y — > X gives rise to 
a meromorphic differential form to on SpecAk as follows: if Y^ — > 
has multiplicative reduction, set w = du/u. If Y^ — > has additive 
reduction, set w = du. One verifies that w is independent of the choice 
of u, and ui is called the deformation datum corresponding to the map 
Y -> X. See |Hen99l Ch. 5] for more details. 

Furthermore, suppose that the natural Z/p-action on Y extends to 
a Z/p xi Z/m action on Y, with p j m, which descends to a Z/m-action 
on X. Let x : Z/m — > F* be the character given by cctc" 1 = (T x ^ c \ 
for c € Z/m and a any generator of Z/p. Then, for any c € Z/m, we 
have c*w = x(c)u (this is mentioned in We w03[ p. 999], and proven in 
|Obu09bl Construction 3.4]). 

Remark B.3. The deformation datum to is important in construct- 



ing Hurwitz trees, see ( 7.3.1 In particular, it is a characteristic p object 
that helps retain information that is lost when a branched cover is re- 
duced from characteristic zero. Deformation data are also extremely 
important in the proof of Theorem |6.28| by Wewers and the author, as 
they are used to construct the differential equations mentioned in the 



proof of Proposition 6.22 
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Remark B.4. The depth and deformation datum of a map Y — s- X 
are the two components of Kato's differential Swan conductor, defined 
in |Kat87j (also see |Bre091 Ch. 1], especially §1.4, for an exposition). 
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